Introduction to Risk Parity and Budgeting

Chapter 2 — Risk Budgeting Approach

© Thierry Roncalli™ & CRC Press

"Evry University & Lyxor Asset Management, France

Instructors may find the description of the book at the following addresses:

http://www.crcpress.com/product/isbn/9781482207156
http://www.thierry-roncalli.com/RiskParityBook.html

May 22, 2013

Introduction to Risk Parity and Budgeting Risk Budgeting Approach



http://www.crcpress.com/product/isbn/9781482207156
http://www.thierry-roncalli.com/RiskParityBook.html

Q\

N
)
oY)
(O

an

1

1

igure 2.

F

B Asset 2

Bl Asset 1

Three budgeting methods with a 30/70 policy rule

Figure

SIET

Approach

100
90 |
80 |
70 |

60 |

50 |

40 b
30 b
20 b
10 |

Introduction to Risk Parity and Budge




Table 2.1, Page 76

Table: Computation of risk measures VaRg (x) and ES¢ (x)

(04
0% 95%  99%  99.5%
(in%) | 152 206 3.06 3.43

Portfolio X (x)

R e (in%) | 222 267 356  3.90

#2 T T T T (in%) | 798 948 12417 1352
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Table 2.2, Page 81

Table: Risk decomposition of the volatility

Asset X; MAE; RC; RHC?
1 50.00 29.40 14.70 70.43
2 20.00 16.63 3.33 15.93
3 30.00 0.49 2.85 13.64
Z(x) 20.87
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Tables 2.3 & 2.4, Page 82

Table: Risk decomposition of the value-at-risk

Asset X; ME; RC; RHECT

1 50.00 68.39 34.19 70.43
2 20.00 38.68 7.74 15.93
3 30.00 22.07 6.62 13.64
Z(x) 48.55

Table: Risk decomposition of the expected shortfall

Asset Xj ME;  KHC; %CKT
1 50.00 78.35 39.17 70.43
2 20.00 44.31 8.86 15.93
3 30.00 25.29 7.59 13.64
Z(x) 55.62
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Tables 2.5 & 2.6, Page 84

Table: Sensitivity analysis of the volatility with respect to the factor h

Asset 1 bp 10 bp 1% 10% 50% —X;
1 20.8728 20.8992 21.1639 23.8170 35.6938 6.8593
2 20.8715 20.8865 21.0364 22.5599 29.7077 17.6847
3 20.8708 20.8793 20.9650 21.8495 26.2640 18.3576

Table: Marginal analysis of the volatility with respect to the factor h

Asset 1 bp 10 bp 1% 10% 50% —X;
1 20.8728 20.8992 21.1638 23.8095 35.5681 6.1716
2 20.8715 20.8865 21.0361 22.5325 29.1833 17.5445
3 20.8708 20.8793 20.9647 21.8186 25.6135 18.0236
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Tables, Pages 98 & 99

Introduction to Risk Parity and Budgeting Risk Budgeting Approach




Figure 2.2, Page 90

Figure: Density of the risk contribution estimator #%1
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Table 2.7, Page 96

Table: Value-at-risk (in %) when the P&L is skew normal distributed

o 80% 85% 90% 95%  99%
#1 | 321 418 541 7.22 10.63
Normal #2 | 376 512 6.84 939 14.16

Skew normal #2 | 3.86 503 6.43 841 11.78
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Figure 2.3, Page 97

Figure: Density of the P&L with a skew normal distribution
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Table 2.8, Page 98

Table: Statistics (in %) to compute the Cornish-Fisher risk contributions

Portfolio #1 #2 #3 #4 #5 #6
X1 0.00 10.00 25.00 50.00 75.00  100.00
X2 100.00 90.00 75.00 50.00 25.00 0.00
E[L] -0.10 -0.11  —0.13 -0.16 —0.19 —0.23
o2 (L) 0.01 0.01 0.01 0.02 0.04 0.07
71 (L) 2.67 7.73 8.42 19.20 20.18 35.13
v (L) ~13.05 —21.50 —16.08 58.12  103.97 124.21

 dun | 9476 1112 1446 2444  7.68  0.00 |
Ox> 11 0.00 —124  —4382  —2444 —23.05 —18.14
Oxy 12 —4429 —90.59  159.39 131.49 29.58 0.00
Oxs 12 0.00 10.07 -53.13 -131.49 —-88.74 —53.28

z | 231.52 233.07 234.80 25895 275.19 282.86 |
Oxy Z 57.41 —13.65 46.98 45.18 10.88 0.00
Oxz Z 0.00 152 —1566  —45.18 —32.63 —21.00
VaR,, (L) 1.92 1.90 2.19 3.59 5.39 7.28
RE 1 0.00 0.23 1.23 3.49 5.44 7.28
RE 1.92 1.67 0.96 0.10  —0.05 0.00

| VaR%(L) | 193 189 217 = 321 453 504 |
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Tables 2.9 & 2.10, Pages 99 & 100

Table: Risk budgeting portfolio when the risk measure is the expected shortfall
(a=95%)

Asset X; W; MR ; HE i RHC~
1 534430 28.21% 46.78% 250000 50.00%
2 372705 19.68% 26.83% 100000 20.00%
3 087007 52.11% 15.20% 150000 30.00%
sum 1894142 500000

Table: Risk budgeting portfolio when the risk measure is the expected shortfall
(a=99%)

Asset X; Wi MR ; HE i RHC™
1 301926 29.00% 63.79% 250000 50.00%
2 273737 20.26% 36.53% 100000 20.00%
3 685779 50.74% 21.87% 150000 30.00%
sum 1351441 500000
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Table 2.11, Page 103

Table: Weights w” in the RB portfolio with respect to some values of b and p

O>» = O7 O> = 3 X 01
p/b | 20% 50% 70% 90% | 20% 50% 70% 90%
—50% | 41.9 50.0 552 616 | 684 750 78.7 8238
0% | 33.3 50.0 604 75.0 | 60.0 75.0 821 90.0
25% | 29.3 50.0 63.0 80.6 | 55.5 75.0 83.6 92.6
50% | 25.7 50.0 655 849 | 51.0 750 851 944
75% | 226 50.0 678 87.9 | 46.7 75.0 86.3 95.6
90% | 21.0 50.0 69.1 89.2 | 444 75.0 87.1 96.1
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Figure 2.4, Page 104

Figure: Evolution of the weight w* in the RB portfolio with respect to b and p
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Figure 2.5, Page 107

Figure: Simulation of the weight x; when the correlation is constant
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Table 2.12, Page 112

Table: RB solutions when the risk budget b3 is equal to 0

P13 =pP23 Solution 1 2 3 o) (X)
X; 20.00% 40.00%  40.00%

S MZE; | 16.58%  8.29% 0.00% 6.63%
XE; | 50.00% 50.00% 0.00%
X; 33.33% 66.67% 0.00%

—25% S MPZE; | 171.32%  8.66% —1.44% 11.55%
XE; | 50.00% 50.00% 0.00%
X; 19.23% 38.46% 42.31%

S MR | 1642%  821%  0.15%  6.38%
XE; | 49.50% 49.50% 1.00%
X; 33.33% 66.67% 0.00%

25% S MRE; | 17.32%  8.66% 1.44%  11.55%
XE; | 50.00% 50.00% 0.00%
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Figure 2.6, Page 112

Figure: Evolution of the portfolio’s volatility with respect to x3
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Table 2.13, Page 113

Table: RB solutions when the risk budgets b3 and by are equal to 0

Solution 1 2 3 4 o (x)
X 20.00% 40.00% 26.67%  13.33%

A MZE; | 16.33%  8.16% 0.00% 0.00%  6.53%
H#E; | 50.00% 50.00%  0.00% 0.00%
X 33.33% 66.67%  0.00% 0.00%

S ME; | 17.32%  8.66% —1.44% —2.89% 11.55%
H#E; | 50.00% 50.00%  0.00% 0.00%
X 20.00% 40.00%  40.00% 0.00%

S MZE; | 16.58%  8.29% 0.00% —151% 6.63%
HE€; | 50.00% 50.00%  0.00% 0.00%
X 25.00% 50.00%  0.00%  25.00%

Fn MK | 16.58%  8.29% —0.75% 0.00%  8.29%
#¢€; | 50.00% 50.00%  0.00% 0.00%
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Tables 2.14 & 2.15, Page 116

Table: Implied risk premia when b = (20%,25%,40%,15%)

Asset Xj MR ; ,a,' PE ; @CKT
1 40.91 7.10 355 1.45 20.00
2 25.12 14.46 7.23 1.82 25.00
3 25.26 23.01 1150 291 40.00
4 8.71 25.04 1252 1.09 15.00

Expected return 7.27

Table: Implied risk premia when b = (10%,10%,10%,70%)

Asset Xj MR ﬁ,’ PE ; 1@(57(
1 35.88 5.27 263 094 10.00
2 17.94 10.53 527 0.94 10.00
3 10.18 18.56 928 0.94 10.00
4 35.99 36.75 18.37 6.61 70.00

Expected return 0.45
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Tables 2.16 & 2.17, Page 117

Table: Sensitivity of the MVO portfolio to input parameters

0 70% 90% 90%
(02) 18% 18%
H1 9%

x1 | 383 383 446 137 0.0 564
xp | 202 259 89 56.1 658 0.0
x3 | 41.5 358 465 302 342 43.6

Table: Sensitivity of the RB portfolio to input parameters

0 70% 90% 90%
(02) 18% 18%
H1 9%

x3 | 383 377 389 3r.1 377 383
xp | 20.2 204 20.0 228 226 20.2
x3 | 415 419 411 40.1 39.7 415
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Tables 2.18 & 2.19, Pages 118 & 119

Table: Shrinkage covariance matrix (1) associated to the RB portfolio

Asset o, Pi
1 | 19.13% ' 100.00%
2 | 18.92% , 82.54% 100.00%
3 | 22.93% ' 57.69% 68.08% 100.00

Table: Shrinkage covariance matrix ¥(3) associated to the RB portfolio

Asset & Pi
1 | 18.26% ' 100.00%
2 | 17.93% , 67.67% 100.00%
3 | 24.40% ' 33.25%  49.39% 100.00
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Tables 2.20 & 2.21, Pages 121 & 123

Table: Risk contributions of EW, ERC and MV portfolios

Portfolio | Asset X; MRE; RC; RECT
EW 1 50.00 16.06 8.03 36.84
2 50.00 27.53 13.76 63.16

- _EF_{(; | 1 16000 17.32 10.39 50.00 |
2 40.00 25.98 10.39 50.00

B _I\/I_V_ | 1 |8571 19.64 16.83 85.71 |
2 14.29 19.64 2.81 14.29

Table: Composition of the ERC portfolio

Asset Xj MK ; [3,’ HEC ; %%T
1 31.34 352 0.80 2.67 25.00
2 17.49 1527 1.43 2.67 25.00
3 13.0o 20.46 192 267 25.00
4 38.12 7.00 0.66 2.67 25.00

Volatility 10.68
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Figure 2.7, Page 124

Figure: Location of the ERC portfolio in the mean-variance diagram when the
Sharpe ratios are the same and the asset correlations are uniform
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Figure 2.8, Page 125

Figure: Location of the ERC portfolio in the mean-variance diagram when the
Sharpe ratios are identical and the asset correlations are not uniform
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Figure 2.9, Page 128

Figure: Geometry of the Lorenz curve
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Table 2.22, Page 129

Table: Diversification measures of MV

, ERC, MDP and EW portfolios

Accet MV ; ERC - MDP | EW
X| %%T ' X %CKT ' X L@CKT ' X %%T
1 0.00 0.00 , 1570 16.67 , 0.00 0.00 , 16.67 16.18
2 3.61 3.61117.84 16.67 ' 0.00 0.00 ' 16.67 14.08
3 9639 9639 ,28.03 16.67 , 0.00 0.00 , 16.67 8.68
4 0.00 0.00 1 13.08 16.67 « 0.00 0.00 | 16.67 19.78
5 0.00 0.00 | 10.86 16.67 @ 42.86 50.00 | 16.67 24.43
6 0.00 0.00 | 14.49 16.67 i 57.14 50.00 | 16.67 16.86
' o(x) | 1399 T 1953 T 265 | 2139 |
9 (x) 0.98 | 0.80 | 0.77 | 0.80
2% | 092 092! 002 000' 041 040' 000 002
G 0.82 0.82, 0.17 0.00, 069 067, 000 0.16
g% | 117 117" 571 6.00' 1.98 2.00' 6.00 574
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Table 2.23, Page 132

Table: Risk decomposition of WB, RB and MR portfolios

Portfolio | Asset X; MAE; REC; RECT
1 50.00 41.59 20.80 71.40
WB 2 20.00 24.18 4.84 16.60
3 30.00 11.65 3.50 12.00
| Expected shortfall ¢ 290.13 |
1 30.65 39.07 11.97 50.00
RB 2 21.04 22.76 4.79 20.00
3 48.32 14.87 7.18 30.00
| Expected shortfall ¢ 23.94 |
1 0.00 29.11 0.00 0.00
MR 2 30.34 18.81 571 30.34
3 69.66 18.81 13.10 69.66
| Expected shortfall 1881 |
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Table 2.24, Page 134

Table: Weights and risk contributions of the iterative RB portfolio x(k)

Portfolio | Asset X; HE; | Portfolio | Asset X; RHE;
1 50.00 70.43 1 31.15 50.00
2 20.00 15.93 2 21.90 20.00
X(O) X(l)
3 30.00 13.64 | 3 4696 30.00 |
" Volatility 20.87 Volatility 17.49
1 18.52 31.15 1 11.04 18.52
2 22.81 21.90 2 23.71 2281
x(2) x(3)
3 58.67 46.96 | 3 6525 58.67 |
| Volatility ~  15.58 | Volatility 14.65
1 6.67 11.04 1 4.07 6.67
2 2476 23.71 2 25.86 24.76
x(4) x(5)
3 68.57 65.25 3 70.07  68.57 |
| Volatility ~— 14.19 | " Volatility 13.94
1 2.49 4.07 1 0.00 0.00
2 26.87 25.86 2 30.34 30.34
X(6) va
3 70.63  70.07 | 3 69.66 69.66 |
| Volatility 13.79 Volatility 13.57
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Figure 2.10, Page 134

Figure: Convergence of the iterative RB portfolio x(¥) to the MV portfolio
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Tables 2.25 & 2.26, Page 139

Table: Risk decomposition of Portfolio #1 with respect to the synthetic assets

Asset | X; MRE; RC; HC
a1 36.00 944 340 33.33
o 38.00 8.90 3.38 33.17
3 20.00 13.13 3.41 33.50

Table: Risk decomposition of Portfolio #1 with respect to the primary assets

Asset j | y; MR RC; KHC;
7 | 9.00 353 032 3.2
o | 900 7.95 072 7.02
o | 3150 1931 6.08 59.69
o | 3150 695 219 21.49
o | 950 093 009 0.87
o | 950 839 080 7.82
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Tables 2.27 & 2.28, Pages 139 & 140

Table: Risk decomposition of Portfolio #2 with respect to the synthetic assets

Asset | X; MAE; RC; RC*
a1 48.00 0.84 473 4991
oo 50.00 90.03 451 47.67
3 2.00 1145 0.23 2.42

Table: Risk decomposition of Portfolio #2 with respect to the primary assets

Asset j | y; MR RC; KHC;
o] 12.00 5.07 0.61 6.43
o | 1200 1141 137 14.46
o | 2550 16.84 429 45.35
o | 2550 6.06 155 16.33
o | 1250 132 017 174
o | 1250 11.88 1.49 15.69
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Figure 2.11, Page 140

Figure: Lorenz curve of risk contributions
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Tables 2.29 & 2.30, Page 143

Table: Risk decomposition of the EW portfolio with respect to the assets

Asset X; ME; RC; RHECT
1 25.00 18.81 470 21.97
2 25.00 23.72 593 27.71
3 25.00 24.24 6.060 28.32
4 25.00 18.83 4.71 22.00

Volatility 21.40

Table: Risk decomposition of the EW portfolio with respect to the risk factors

Factor Y MR;  RC; RHC:
F1 100.00 17.22 17.22 80.49
Fo 22.50 0.07 2.04 9.53
F3 35.00 6.06 2.12  9.91
G 275 052 0.01 0.07

Volatility 21.40
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Tables 2.31 & 2.32, Pages 144 & 145

Table: Risk decomposition of the RFP portfolio with respect to the risk factors

Factor | y; MR, RC; RC]
7, | 93.38 11.16 10.42 49.00
T, | 24.02 2214 5.32 25.00
F3 | 39.67 13.41 532 25.00
%1 1639 130 021  1.00

Volatility 21.27

Table: Risk decomposition of the RFP portfolio with respect to the assets

Asset X; MAE; RC; RHC?
1 15.08 17.44 2.63 12.36
2 38.38 23.94 0.19 43.18
3 0.89 21.82 0.20 0.92
4 45.65 20.29 0.26 4354

Volatility 21.27
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factors

Table: Risk decomposition of the balanced RFP portfolio with respect to the

assets

Tables 2.33 & 2.34, Pages 145 & 146

Table: Risk decomposition of the balanced RFP portfolio with respect to the risk

Factor | y; MR, RC; RC]
Z, | 9197 791 728 33.26
F, | 25.78 2823 7.28 33.26
F3 | 4222 1724  7.28 33.26
P 6.74 0.70 0.05 0.21

Volatility 21.88

Asset | x; MR RXC; KHEC;
1 0.30 16.11 0.05 0.22
2 39.37 23.13 0.11 41.63
3 0.31 2093 0.07 0.30
4 60.01 21.09 12.66 57.85

Volatility 21.88
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Table 2.35, Page 146

Table: Balanced RFP portfolios with x; > 10%

Criterion | J€(x) ¥ (x) Z(x)
X1 10.00 10.00 10.00
X0 22.08 18.24 2491
X3 10.00 10.00 10.00
Xg 57.92 61.76  55.09
| 7" ] 0.0436 0.0490 0.0453 |
g 0.1570 0.1476 0.1639
I* 2.8636 2.8416 2.8643
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