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Copulas and Stochastic Dependence Modeling
The bivariate Pareto copula
Calculation of correlation bounds

The bivariate Pareto copula

Exercise

We consider the bivariate Pareto distribution:

01 +x1\ O +x\
F(xi,x) = 1—(—101 1) —(—292 2) +

where x; >0, xo >0, 6; >0, 0o >0 and a > 0.
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Copulas and Stochastic Dependence Modeling

The bivariate Pareto copula
Calculation of correlation bounds

The bivariate Pareto copula

Show that the marginal functions of F (x1, x2) correspond to univariate
Pareto distributions.
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Copulas and Stochastic Dependence Modeling
The bivariate Pareto copula
Calculation of correlation bounds

The bivariate Pareto copula

We have:

Fl (Xl) — Pr {Xl S Xl}
— Pr{X1 SXl,XQSOO}

= F(x1,0)

We deduce that:

0 - 0 -
Fi(q) = 1-— 1+ X1 (V2 n
01 02

We conclude that F; (and F;) is a Pareto distribution.
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Copulas and Stochastic Dependence Modeling

The bivariate Pareto copula
Calculation of correlation bounds

The bivariate Pareto copula

Find the copula function associated to the bivariate Pareto distribution.
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Copulas and Stochastic Dependence Modeling
The bivariate Pareto copula
Calculation of correlation bounds

The bivariate Pareto copula

We have:

It follows that:

We deduce that:
C(Ul,UQ) — 1—(1— Ul)—(].— U2)—|—
((1 —u) TV (1= )T - 1)

— w1+ ((1 )TV (1= w) Y 1)

—

—
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Copulas and Stochastic Dependence Modeling

The bivariate Pareto copula
Calculation of correlation bounds

The bivariate Pareto copula

Deduce the copula density function.
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Copulas and Stochastic Dependence Modeling
The bivariate Pareto copula
Calculation of correlation bounds

The bivariate Pareto copula

We have:
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The bivariate Pareto copula
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The bivariate Pareto copula

We deduce that the probability density function of the copula is:

c(un, 1) = 5’20(3“%;:’2)
= —(-a-1) ((1 — ) MY (1= )T 1) T
B <&Z 1) (A—w) ™V 4+ @ —w) 1) T
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Copulas and Stochastic Dependence Modeling
The bivariate Pareto copula
Calculation of correlation bounds

The bivariate Pareto copula

Another expression of ¢ (uy, up) is:

a—+1
Q

clnw) = () (@ w) (1w x

((1 — )" 4 (1= ) — (L= u) (1 - uQ)l/C“)_&_2

v
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Copulas and Stochastic Dependence Modeling

The bivariate Pareto copula
Calculation of correlation bounds

The bivariate Pareto copula

In this Figure, we have reported the density of the Pareto copula when « is
equal to 1 and 10.

Tail dependence

Upper
mmme | ower
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Copulas and Stochastic Dependence Modeling

The bivariate Pareto copula
Calculation of correlation bounds

The bivariate Pareto copula

Question 4

Show that the bivariate Pareto copula function has no lower tail
dependence, but an upper tail dependence.
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Copulas and Stochastic Dependence Modeling
The bivariate Pareto copula
Calculation of correlation bounds

The bivariate Pareto copula

We have:

- fim S0 u)
u—0+* u
_ 2 im 2C:Y)

u—07T 8U1

—a—1
=2 0im 1- ((1—w) ™ Q- V1) (-
u—0t
=2 i 1-1
ul$+( )
=0
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Copulas and Stochastic Dependence Modeling
The bivariate Pareto copula
Calculation of correlation bounds

The bivariate Pareto copula

We have:
AT = lim L —2u+C(uu)
u—1-— 1 — u
((1 L u)—]_/Oé _|_ (1 L u)—l/a o 1>_
= |im
u—1-— 1 —u
—  lim (1 1 (1 u)l/“)_
u—1-—
— 2«

The tail dependence coefficients A~ and A" are given with respect to the
parameter « in previous Figure. We deduce that the bivariate Pareto

copula function has no lower tail dependence (A~ = 0), but an upper tail
dependence (AT =279).
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Copulas and Stochastic Dependence Modeling

The bivariate Pareto copula
Calculation of correlation bounds

The bivariate Pareto copula

Do you think that the bivariate Pareto copula family can reach the copula
functions C—, C+ and C*? Justify your answer.
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Copulas and Stochastic Dependence Modeling
The bivariate Pareto copula
Calculation of correlation bounds

The bivariate Pareto copula

The bivariate Pareto copula family cannot reach C~ because A™ is never
equal to 1. We notice that:

lim AT =0
o—r 00
and
lim AT =1
a—0

This implies that the bivariate Pareto copula may reach C*+ and C™ for
these two limit cases: o — oo and o — 0. In fact, @ — 0 does not
correspond to the copula C* because A\~ is always equal to 0.
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Copulas and Stochastic Dependence Modeling

The bivariate Pareto copula
Calculation of correlation bounds

The bivariate Pareto copula

Question 6

Let X7 and X5 be two Pareto-distributed random variables, whose
parameters are (a1, 61) and (a2, 6).
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Copulas and Stochastic Dependence Modeling

The bivariate Pareto copula
Calculation of correlation bounds

The bivariate Pareto copula

Question 6.a

Show that the linear correlation between X; and X5 is equal to 1 if and
only if the parameters a; and ay are equal.
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Copulas and Stochastic Dependence Modeling
The bivariate Pareto copula
Calculation of correlation bounds

The bivariate Pareto copula

We note U; = F; (X1) and U, = F,(X,). X1 and X5 are comonotonic if
and only if:
U, = Uy

1_ 0> + Xo —042_1_ 01 + X3 o
(92 N (91
O, + Xo\ 7 B 01 + X1\
0> B 01
0y + X\
~ X2—92<<1_9|_ 1) —1)
1

We know that p (Xi, Xo) = 1 if and only if there is an increasing linear
relationship between X; and X,. This implies that:

We deduce that:

a1
- =1
(87%)
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Copulas and Stochastic Dependence Modeling

The bivariate Pareto copula
Calculation of correlation bounds

The bivariate Pareto copula

Question 6.b

Show that the linear correlation between X; and X5 can never reached the
lower bound —1.
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The bivariate Pareto copula

X1 and X, are countermonotonic if and only if:
U,=1- U

We deduce that:

o\ Ve
e X2:92 <1(91;_X1) ) —1
1

It is not possible to obtain a decreasing linear function between X; and X.
This implies that p (X1, Xo) > —1.
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Copulas and Stochastic Dependence Modeling
The bivariate Pareto copula
Calculation of correlation bounds

The bivariate Pareto copula

Build a new bivariate Pareto distribution by assuming that the marginal
distributions are P («1,601) and P (az, 6>) and the dependence is a
bivariate Pareto copula function with parameter a. What is the relevance
of this approach for building bivariate Pareto distributions?
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Copulas and Stochastic Dependence Modeling
The bivariate Pareto copula
Calculation of correlation bounds

The bivariate Pareto copula

We have:

F'(xi,x) = C(Fi(x1),F2(x))
01 + xq o 0> + xo —
_ 1_(BTxa (2t x
( 01 ) ( 0> ) "
bt xa ™ (e
01 02

The traditional bivariate Pareto distribution F (xq, x2) is a special case of
F’ (x1,x2) when:

1 = 0 = X

Using F’ instead of F, we can control the tail dependence, but also the
univariate tail index of the two margins.
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Copulas and Stochastic Dependence Modeling

The bivariate Pareto copula
Calculation of correlation bounds

Calculation of correlation bounds

Give the mathematical definition of the copula functions C—, C* and C™.
What is the probabilistic interpretation of these copulas?
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Copulas and Stochastic Dependence Modeling
The bivariate Pareto copula
Calculation of correlation bounds

Calculation of correlation bounds

We have:
C (u1,u) = max(up+w—1,0)
ct (U1, U2) — U
C+ (U1,U2) =  min (Ul,UQ)

Let X7 and X5 be two random variables. We have:

(i) €(Xy,Xy) = C~ if and only if there exists a non-increasing function f
such that we have X5 = f (X1);

(il) C (X1, Xa) = CL if and only if X; and X, are independent;

(iif) C(X1, Xz) = CT if and only if there exists a non-decreasing function
f such that we have X; = f (Xy).
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Copulas and Stochastic Dependence Modeling

The bivariate Pareto copula
Calculation of correlation bounds

Calculation of correlation bounds

We note 7 and LGD the default time and the loss given default of a
counterparty. We assume that 7 ~ £ () and LGD ~ Ujg y;.

Thierry Roncalli Course 2023-2024 in Financial Risk Management 27 /131



Copulas and Stochastic Dependence Modeling
The bivariate Pareto copula
Calculation of correlation bounds

Calculation of correlation bounds

We note U; =1 — exp(—A7) and U, = LGD.
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Copulas and Stochastic Dependence Modeling
The bivariate Pareto copula
Calculation of correlation bounds

Calculation of correlation bounds

Show that the dependence between 7 and LGD is maximum when the
following equality holds:

LGD4+e M —1=0

Thierry Roncalli Course 2023-2024 in Financial Risk Management 29 /131



Copulas and Stochastic Dependence Modeling
The bivariate Pareto copula
Calculation of correlation bounds

Calculation of correlation bounds

The dependence between 7 and LGD is maximum when we have
C (r,LGD) = C*. Since we have U; = U,, we conclude that:

LGD+e * —1=0
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Copulas and Stochastic Dependence Modeling
The bivariate Pareto copula
Calculation of correlation bounds

Calculation of correlation bounds

Show that the linear correlation p (7,LGD) verifies the following
inequality:
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Copulas and Stochastic Dependence Modeling
The bivariate Pareto copula
Calculation of correlation bounds

Calculation of correlation bounds

We know that:
p(T,LGD) € [pmin (T,LGD) , pmax (1, LGD)]

where pmin (T, LGD) (resp. pmax (7, LGD)) is the linear correlation
corresponding to the copula C~ (resp. C1). It comes that:

E[T]:a(f):%
and:

E[LGD] = %

o (LGD) = %
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Copulas and Stochastic Dependence Modeling
The bivariate Pareto copula
Calculation of correlation bounds

Calculation of correlation bounds

In the case C (7, LGD) = C~, we have U; =1 — U,. It follows that
LGD = e~ *7. We have:

E[rLGD] =E [re*7| = / te"MAe M dt

_ / —2)\t dt
0+

—2At 1 o)
] = / e—2)\t dt
2 0

1[ e—2)\t]
21 2x |,

1

4\
We deduce that:

Pmin (7, LGD) = (%_%)/ <i 112> :_g
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Copulas and Stochastic Dependence Modeling
The bivariate Pareto copula
Calculation of correlation bounds

Calculation of correlation bounds

In the case C (,LGD) = C*, we have LGD =1 — e=*". We have:

E[rLGD] =E[r(1—e )] = /Ooot(l—e_”))\e_”dt

— / tAe"\tdt—/ the 2 M dt
0 0

00 oC 1
_ At — At b
— ([ te™ ] +/0 e dt) o

et 1
— 04+ |= =
_ 3
4\

We deduce that:

e = (&-5)/ (1) -7
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Copulas and Stochastic Dependence Modeling
The bivariate Pareto copula
Calculation of correlation bounds

Calculation of correlation bounds

We finally obtain the following result:

|5

|p{T,LGD)| <
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Copulas and Stochastic Dependence Modeling

The bivariate Pareto copula
Calculation of correlation bounds

Calculation of correlation bounds

Comment on these results.
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Copulas and Stochastic Dependence Modeling
The bivariate Pareto copula
Calculation of correlation bounds

Calculation of correlation bounds

We notice that |p (7, LGD)| is lower than 86.6%, implying that the
bounds —1 and +1 can not be reached.
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Copulas and Stochastic Dependence Modeling

The bivariate Pareto copula
Calculation of correlation bounds

Calculation of correlation bounds

We consider two exponential default times 71 and 7, with parameters \;
and ).
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Copulas and Stochastic Dependence Modeling
The bivariate Pareto copula
Calculation of correlation bounds

Calculation of correlation bounds

We assume that the dependence function between 71 and 75 is CT.
Demonstrate that the following relation is true:
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Calculation of correlation bounds

If the copula function of (71, 72) is the Fréchet upper bound copula, 74
and 7, are comonotone. We deduce that:

Uy =U,<—1- e MTL = 1 — g7 22

and:
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Copulas and Stochastic Dependence Modeling

The bivariate Pareto copula
Calculation of correlation bounds

Calculation of correlation bounds

Question 3.b

Show that there exists a function f such that 7o = f (72) when the
dependence function is C™.
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Copulas and Stochastic Dependence Modeling
The bivariate Pareto copula
Calculation of correlation bounds

Calculation of correlation bounds

We have U; =1 — Us. It follows that S; (1) =1 — S, (72). We deduce

that:
e—)\l‘rl — 1 — e—>\2’7'2
and: \
—In (1 — e™ 7272
(e
A1
There exists then a function f such that 71 = f (72) with:
Cin(1— e )
f(t)=
(2 -
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Copulas and Stochastic Dependence Modeling
The bivariate Pareto copula
Calculation of correlation bounds

Calculation of correlation bounds

Show that the lower and upper bounds of the linear correlation satisfy the
following relationship:
—1<p(r1,72) <1
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Copulas and Stochastic Dependence Modeling
The bivariate Pareto copula
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Calculation of correlation bounds

Using Question 2(b), we known that p € [pmin, Pmax] Where pmin and pmax
are the correlations of (71, 72) when the copula function is respectively
C~ and C*. We also know that p =1 (resp. p = —1) if there exists a
linear and increasing (resp. decreasing) function f such that 71 = f (72).
When the copula is C*, we have f (t) = i—it and ' (t) = i—i > 0. As it is
a linear and increasing function, we deduce that pmax = 1. When the
copula is C~, we have:

—In (1 — e_>‘2t)
A1

f(t)=

and: " "
Aoe 2t n (1 — e 7
f(t) = —22 ( ) <0
)\1 (]. — e—Aﬂ)
The function f (t) is decreasing, but it is not linear. We deduce that
Pmin 7 —1 and:
—1<p<1
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Copulas and Stochastic Dependence Modeling
The bivariate Pareto copula
Calculation of correlation bounds

Calculation of correlation bounds

In the more general case, show that the linear correlation of a random
vector (X1, X2) can not be equal to —1 if the support of the random
variables X7 and X; is [0, +o0].
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The bivariate Pareto copula
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Calculation of correlation bounds

When the copula is C~, we know that there exists a decreasing function f
such that X, = f (X1). We also know that the linear correlation reaches
the lower bound —1 if the function f is linear:

Xo = a+ bX;
This implies that b < 0. When Xj takes the value 400, we obtain:
X2 = a -+ b X oo

As the lower bound of X5 is equal to zero 0, we deduce that a = +o0.
This means that the function f (x) = a + bx does not exist. We conclude
that the lower bound p = —1 can not be reached.

Thierry Roncalli Course 2023-2024 in Financial Risk Management 46 / 131



Copulas and Stochastic Dependence Modeling
The bivariate Pareto copula

Calculation of correlation bounds

Calculation of correlation bounds

We assume that (X1, X>) is a Gaussian random vector where
X1 ~N (,ul,af), Xo ~ N (,ug,cr%) and p is the linear correlation between
X; and X5. We note 0 = (u1, 01, 2, 02, p) the set of parameters.
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Calculation of correlation bounds

Question 4.a
Find the probability distribution of X7 + Xo.
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Copulas and Stochastic Dependence Modeling
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Calculation of correlation bounds

X1+ X5 is a Gaussian random variable because it is a linear combination of
the Gaussian random vector (X1, X2). We have:

E[X1 + Xo] = p1 + 2

and:
var (X1 + Xa) = 0% + 2poi0m + 0%

We deduce that:

X1+ Xo ~ N (,ul + Lo, 0% + 2poi105 + ag)
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The bivariate Pareto copula
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Calculation of correlation bounds

Then show that the covariance between Y; = e and Y, = e* is equal to:

cov (Y1, Yo) = ett391 gh2+303 (eP172 — 1)
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The bivariate Pareto copula
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Calculation of correlation bounds

We have:

COV(Yl, Yz) = E [Yl Y2] — E[YQ]E [YQ]
= K [eX1—|—X2] —E[Y2]E[Y2]

We know that e®1t%2 is a lognormal random variable. We deduce that:
Xy +X 1
E [e ! 2] = exp | E[X1 + X5] + 5 var (X1 + X2)

1
= exp (,ul + U2 + 5 (0% + 2p0105 + O'%))

_ eu1+%af eMz-l-%U%ePUle
We finally obtain:
1 2 1 2
cov (Y1, Yo) = et112%1gH2F2%2 (gP7102 _ 1)
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The bivariate Pareto copula
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Calculation of correlation bounds

Question 4.c

Deduce the correlation between Y7 and Y5.
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Calculation of correlation bounds

We have:

em—k%fff e,u2+%0§ (ep0102 _ ]_)

\/82“1"“7% (eaf _ 1) \/e2u2—|—0§ (eag _ 1)

epal o2 __ 1

Vet —1ve% — 1

/0<Y17 Y2> —
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The bivariate Pareto copula
Calculation of correlation bounds

Calculation of correlation bounds

Question 4.d

For which values of 6 does the equality p (Y1, Y2) = +1 hold? Same
question when p (Y7, Y2) = —1.
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Calculation of correlation bounds

p (Y1, Y2) is an increasing function with respect to p. We deduce that:
p{Y,Y2)=1<= p=1and 01 = 0>

The lower bound of p (Y1, Y2) is reached if p is equal to —1. In this case,

we have:
e 9192 _ 1

— >
\/e"%—l\/eag—l

It follows that p (Y7, Ya) # —1.

:0<Y17 Y2> —1
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Calculation of correlation bounds

We consider the bivariate Black-Scholes model:

{ dS; (t) = p1 Sy (t) dt + 0151 (t) AW (t)
dS, (t) = 1S (t) dt + 025 (t) d W5, (t)

with E [W (t) WA (t)] = pt. Deduce the linear correlation between Sy (t)
and S, (t). Find the limit case lim; .. p (51 (t), S2 (t)).
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Calculation of correlation bounds

It is obvious that:

ep0'10'2t L 1
Veoit — 11/e%t — 1

In the case 01 = 05 and p = 1, we have p (51 (t), S (t)) = 1. Otherwise,
we obtain:

p(S1(t),32(t))

lim p(S1(t),52(t)) =0
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Calculation of correlation bounds

Question 4.f

Comment on these results.
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Calculation of correlation bounds

In the case of lognormal random variables, the linear correlation does not
necessarily range between —1 and +1.
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Extreme Value Theory Extreme value theory in the bivariate case
Maximum domain of attraction in the bivariate case

Extreme value theory in the bivariate case

What is an extreme value (EV) copula C?
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Extreme Value Theory Extreme value theory in the bivariate case
Maximum domain of attraction in the bivariate case

Extreme value theory in the bivariate case

An extreme value copula C satisfies the following relationship:
C (uf, u5) = C* (uy, u2)

for all t > 0.
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Extreme Value Theory Extreme value theory in the bivariate case
Maximum domain of attraction in the bivariate case

Extreme value theory in the bivariate case

Show that C+ and C* are EV copulas. Why C~ can not be an EV copula?
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Extreme Value Theory Extreme value theory in the bivariate case
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Extreme value theory in the bivariate case

The product copula C* is an EV copula because we have:
C (v, u3) = uiu
= (nu)'
t
= [C* (u1, w)]
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Extreme Value Theory Extreme value theory in the bivariate case
Maximum domain of attraction in the bivariate case

Extreme value theory in the bivariate case

For the copula C*, we obtain:

Cct (uf, ué) min (uf, ué)

. U{ If up S u»
us  otherwise

= (min (u1, u2))t
— [C+ (ul, Uz)}t
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Extreme Value Theory Extreme value theory in the bivariate case
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Extreme value theory in the bivariate case

However, the EV property does not hold for the Fréchet lower bound
copula C™:

C™ (uf,u}) = max (u + uj — 1,0) # max (ug + up — 1,0)"
Indeed, we have C~ (0.5,0.8) = max(0.5+ 0.8 —1,0) = 0.3 and:

C (0.5°,0.8°) = max(0.25+ 0.64 — 1,0)
= 0
£ 0.3°
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Extreme value theory in the bivariate case

We define the Gumbel-Hougaard copula as follows:

C (u1, u2) = exp (_ [(_ inu)? + (= In u2)9]1/9>

with 6 > 1. Verify that it is an EV copula.
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Extreme value theory in the bivariate case

We have:
C (uf, ug) = exp

(—inu)’ + (~ i)’ ”9)

(-
= exp( :( thnu)’ + (- tlnuz)}1/0>
(I

= exp

—In u1)9 + (—In U2)9i| 1/9)

— (e—[(—'““1)9+(—'"”2)9]1/9)t

= Ct (Ul, U2)
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Maximum domain of attraction in the bivariate case

Extreme value theory in the bivariate case

Question 4

What is the definition of the upper tail dependence A? What is its
usefulness in multivariate extreme value theory?
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Extreme value theory in the bivariate case

The upper tail dependence A is defined as follows:

= lim 1—2U—|—C(U1,U2)

u—1+ 1 —u

It measures the probability to have an extreme in one direction knowing
that we have already an extreme in the other direction. If A is equal to O,
extremes are independent and the EV copula is the product copula C+. If
A Is equal to 1, extremes are comonotonic and the EV copula is the
Fréchet upper bound copula C*. Moreover, the upper tail dependence of
the copula between the random variables is equal to the upper tail
dependence of the copula between the extremes.
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Extreme value theory in the bivariate case

Let f (x) and g (x) be two functions such that
lim,_,x, F (x) = limx_,, g(x) =0. If g’ (x0) # 0, L'Hospital's rule states

that: : p

lim ﬁ = |im ﬁ

g (x)  x g (x)
Deduce that the upper tail dependence A of the Gumbel-Hougaard copula
is 2 — 21/¢  What is the correlation of two extremes when 6 = 17
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Extreme value theory in the bivariate case

Using L'Hospital's rule, we have:

1 —2u 4 e~ [=m)+(=nw)’]”*

A = |lim
u—1+t 1—u
1 _ 2u _|_ e_[2(_ In u)9]1/9
= |im
u—1+t 1—u
_ 1 —2u+ uzl/e
= |lim
u—1+ 1—u
0—2+ 21/9u21/9—1
= |im
u—1+t —1
—  lim 2 - 21/0,27" -1
u—1+
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Extreme value theory in the bivariate case

If 6 is equal to 1, we obtain A = 0. It comes that the EV copula is the
product copula. Extremes are then not correlated. This result is not
surprising because the Gumbel-Houggard copula is equal to the product

copula when 6 = 1:

e—[(— In u)'+(— In uz)l] — Uil = CJ_ (Ula U2)
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Extreme value theory in the bivariate case

We define the Marshall-Olkin copula as follows:
C(u, up) = uy " w3~ % min (ufl, u§2>

with {61,6-} € [0,1]".

Thierry Roncalli Course 2023-2024 in Financial Risk Management 73 /131
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Extreme value theory in the bivariate case

Question 6.a

Verity that it is an EV copula.
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Extreme value theory in the bivariate case

We have:

to )y — A0 t(1-02) . toy | t0
C(uf,u5) = u Uy min (u; b, uy?

t
1— 92 . 91 92
") (%) (min (7))
u =% min (0%, uf '
>’min (ull, uzz))

1—
1
(ula U2)

o
B
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Extreme value theory in the bivariate case

Question 6.b

Find the upper tail dependence A of the Marshall-Olkin copula.
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Extreme value theory in the bivariate case

If 8; > 6>, we obtain:

1—2u+ vt~y =% min (v, u%)

A = |im
u—1+ 1 —u
' 1 —2u+ ut—Oryt—02y0
= Im
u—1+ 1 —u
_ 1 —2u+ 2t
= |im
u—1+ 1 —u
_ lim O—2—|—(2—92) ul—0
u—1+ —1
= lim 2—2u'"% 4 g,u' %
u—1+
— 92

If 6, > 61, we have A\ = 6;. We deduce that the upper tail dependence of
the Marshall-Olkin copula is min (61, 65).
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Extreme value theory in the bivariate case

Question 6.c

What is the correlation of two extremes when min (61,60,) = 07
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Extreme value theory in the bivariate case

If 61 =0 or 6, = 0, we obtain A = 0. It comes that the copula of the
extremes is the product copula. Extremes are then not correlated.
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Extreme value theory in the bivariate case

Question 6.d

In which case are two extremes perfectly correlated?
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Extreme value theory in the bivariate case

Two extremes are perfectly correlated when we have 61 = 6, = 1. In this
case, we obtain:

C (Ul, U2) — min (Ul, U2) = C+ (Ul, U2)
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Maximum domain of attraction in the bivariate case

We consider the following distributions of probability:
Distribution F(x)
Exponential & () 1 — e~
Uniform Upo 11 X
Pareto P(a,0) 1— (&)
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Maximum domain of attraction in the bivariate case

For each distribution, we give the normalization parameters a, and b, of
the Fisher-Tippet theorem and the corresponding limit distribution
distribution G (x):

Distribution an b, G (x)
Exponential A\~! A tinn A(x)=e"¢"

Uniform n—! 1—n!  Wy(x—1)=e!

Pareto b~ tn/*  Gnt/e—9 o, (1 + g) — e (12) "

We note G (x1, x2) the asymptotic distribution of the bivariate random
vector (X1 p:n, X2,mn) Where Xy ; (resp. X3 ;) are iid random variables.

Thierry Roncalli Course 2023-2024 in Financial Risk Management 83 /131




Extreme Value Theory Extreme value theory in the bivariate case
Maximum domain of attraction in the bivariate case

Maximum domain of attraction in the bivariate case

Let (X1, X2) be a bivariate random variable whose probability distribution

is:
F(x1,x2) = Cix, %) (F1(x1),F2(x2))

We know that the corresponding EV probability distribution is:
G (x1,x2) = Cix, x,y (G1(x1), G2 (x2))

where G; and G» are the two univariate EV probability distributions and

Cix, xy) s the EV copula associated to C(x, x,)-
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Maximum domain of attraction in the bivariate case

Question 1.a

What is the expression of G (x1, x2) when Xj ; and X, ; are independent,
Xl,,' ~ & ()\) and X2’,' ~ U[O,l]?
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Maximum domain of attraction in the bivariate case

We deduce that:

G(x1,x) = C"(Gi(x),G2(x))
= A (Xl) llll (X2 — 1)
= exp(—e M +x—1)
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Maximum domain of attraction in the bivariate case

Question 1.b

Same question when X; ; ~ E(A) and X5; ~ P (0, «).
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Maximum domain of attraction in the bivariate case

We have:

G(xi,0) = A(xi)®a (1 + Q)
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Maximum domain of attraction in the bivariate case

Same question when Xi ; ~ Ujp 1) and X5 ; ~ P (0, ).
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Maximum domain of attraction in the bivariate case

We have:

G(xi, %) = W, (x—1)o, (1+§)

0%

= exp(xl—l—(l—FQ)_ )
Q
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Maximum domain of attraction in the bivariate case

What becomes the previous results when the dependence function between
Xi,i and X ; is the Normal copula with parameter p < 17
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Maximum domain of attraction in the bivariate case

We know that the upper tail dependence is equal to zero for the Normal
copula when p < 1. We deduce that the EV copula is the product copula.
We then obtain the same results as previously.
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Maximum domain of attraction in the bivariate case

Same question when the parameter of the Normal copula is equal to one.
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Maximum domain of attraction in the bivariate case

When the parameter p is equal to 1, the Normal copula is the Frchet upper
bound copula C*, which is an EV copula. We deduce the following results:

G (X1,X2) = min (/\ (Xl) , llll (X2 — 1))
= min (exp (—e ™) ,exp (x» — 1)) (a)

G (x1, x2) = min (l\(xl) d,, (1+ ))

— min (exp (—e™) , exp (— (1 + %>_a>> (b)

G (x1, Xx2) = min (llll (x1 — 1), @, (1 n %))

— min (exp (xp — 1), exp <— (1+ %)”)) (c)
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Maximum domain of attraction in the bivariate case

Question 4

Find the expression of G (x1, x2) when the dependence function is the
Gumbel-Hougaard copula.
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Maximum domain of attraction in the bivariate case

In the previous exercise, we have shown that the Gumbel-Houggard copula
is an EV copula.
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Maximum domain of attraction in the bivariate case

We deduce that:

G (Xl,XQ) —_— e_[(— In A(x1))?+(— In wl(Xz_l))e]l/G

— exp (— [e—9X1 (1 xz)ﬂ Y 9) (a)

G (x1,x2) = [ AG)) +(— e (142))°]

— exp ( [e—9X1 + (1 + %)_M] 1/@) (b)

G(x1,x) = e‘[(—ln Wi (xa—1))°+(—In ¢a(1+%))9]1/0

— exp ( [(1 —x)’+ (1+ %)_O‘@] 1/9) (c)
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Simulation of the bivariate Normal copula

Monte Carlo Simulation Methods

Simulation of the bivariate Normal copula

Let X = (X1, Xy) be a standard Gaussian vector with correlation p. We
note U; = & (Xl) and U, = ¢(X2)
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Monte Carlo Simulation Methods Simulation of the bivariate Normal copula

Simulation of the bivariate Normal copula

We note 2 the matrix defined as follows:

==, 1)

Calculate the Cholesky decomposition of 2. Deduce an algorithm to
simulate X.
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Monte Carlo Simulation Methods Simulation of the bivariate Normal copula

Simulation of the bivariate Normal copula

P is a lower triangular matrix such that we have ¥ = PP'. We know that:

( 1 0 2 )
0 1—p
We verify that:

10 1 )
T _
S (p 1—p2>(0 1—p2>
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Monte Carlo Simulation Methods Simulation of the bivariate Normal copula

Simulation of the bivariate Normal copula

We deduce that:

X1\ (1 0 N,

X2 ) \»p 1 — p? N,
where Ny and N, are two independent standardized Gaussian random
variables. Let ny and n, be two independent random variates, whose

probability distribution is A/ (0,1). Using the Cholesky decomposition, we
deduce that can simulate X in the following way:

X1 < M
Xp <— pm ++/1— p?ny
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Simulation of the bivariate Normal copula

Monte Carlo Simulation Methods

Simulation of the bivariate Normal copula

Show that the copula of (X1, X3) is the same that the copula of the
random vector (Ui, U>).
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Monte Carlo Simulation Methods Simulation of the bivariate Normal copula

Simulation of the bivariate Normal copula

We have

C (X1, X2) = C(®(X1),® (X))
= C (U, Us)

because the function ® (x) is non-decreasing. The copula of U = (U, Us)
is then the copula of X = (X1, X2).
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Simulation of the bivariate Normal copula

Monte Carlo Simulation Methods

Simulation of the bivariate Normal copula

Deduce an algorithm to simulate the Normal copula with parameter p.
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Monte Carlo Simulation Methods Simulation of the bivariate Normal copula

Simulation of the bivariate Normal copula

We deduce that we can simulate U with the following algorithm:

u <— P (x) =d(m)
{ up < P (x2) =@ (pnl + ﬂfQ)
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Monte Carlo Simulation Methods Simulation of the bivariate Normal copula

Simulation of the bivariate Normal copula

Calculate the conditional distribution of X5 knowing that X; = x. Then
show that:

Dy, (x1, X0, p) = /Xl 0 ( X2 — PX > ¢ (x) dx

5o ]_—p2
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Monte Carlo Simulation Methods Simulation of the bivariate Normal copula

Simulation of the bivariate Normal copula

Let X3 be a Gaussian random variable, which is independent from X; and
X>. Using the Cholesky decomposition, we know that:

Xo = pXi+ /1 — p2X3

It follows that:

Pr{X2§X2‘X]_ :X} = Pr{le—l—\/].—,O2X3§X2‘X1 :X}

— Prix;< 2%
V1 — p?

Thierry Roncalli Course 2023-2024 in Financial Risk Management 107 / 131



Monte Carlo Simulation Methods Simulation of the bivariate Normal copula

Simulation of the bivariate Normal copula

Then we deduce that:

Dy (x1,x0;p) = Pr{Xi <x, X < x}
— X
= PF{X1§X1,X3§X2 p1}
1 — p?
— pX
— E|Pr{ X <x,X < 222 x
1 — p?

= : 2 PX x) dx
; /ooq)<\/1—,02>¢( ) d
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Simulation of the bivariate Normal copula

Monte Carlo Simulation Methods

Simulation of the bivariate Normal copula

Deduce an expression of the Normal copula.
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Monte Carlo Simulation Methods Simulation of the bivariate Normal copula

Simulation of the bivariate Normal copula

Using the relationships u; = ® (x1), ux = ® (x2) and
Dy (x1,x0;p) = C(P (x1), P (x2); p), we obtain:

¢_1(u1) -1 ) — px
C(ui,un;p) = /_ Cl><¢ \/(1_)7,02'0 >¢(X) dx

[ [T (k) = pd T (v) y
B /0 ¢< V1 — p? )d
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Simulation of the bivariate Normal copula

Monte Carlo Simulation Methods

Simulation of the bivariate Normal copula

Question 6

Calculate the conditional copula function Cy;. Deduce an algorithm to
simulate the Normal copula with parameter p.
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Monte Carlo Simulation Methods Simulation of the bivariate Normal copula

Simulation of the bivariate Normal copula

We have:

Cop (w2 |u1) = 0y C(ur, )

o <¢1 (12) = p&~" (u1)>
V1 — p?

Let v; and v» be two independent uniform random variates. The
simulation algorithm corresponds to the following steps:

uiy =wv
C2|1 (U1, o) = vo

We deduce that:

Uy < vy
{ U — b (pcp—l (v1) + /1 — 21 (v2))
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Simulation of the bivariate Normal copula

Monte Carlo Simulation Methods

Simulation of the bivariate Normal copula

Show that this algorithm is equivalent to the Cholesky algorithm found in
Question 3.
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Monte Carlo Simulation Methods Simulation of the bivariate Normal copula

Simulation of the bivariate Normal copula

We obtain the same algorithm, because we have the following

correspondence:
Vi = P (nl)
Vo = ) (n2)

The algorithm described in Question 6 is then a special case of the
Cholesky algorithm if we take n; = @1 (v;) and n, = &1 (). Whereas
n1 and ny are directly simulated in the Cholesky algorithm with a Gaussian

random generator, they are simulated using the inverse transform in the
conditional distribution method.
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Construction of a stress scenario with the GEV distribution

Stress Testing and Scenario Analysis

Construction of a stress scenario with the GEV distribution

We note a,, and b, the normalization constraints and G the limit
distribution of the Fisher-Tippet theorem.
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Construction of a stress scenario with the GEV distribution

Stress Testing and Scenario Analysis

Construction of a stress scenario with the GEV distribution

We recall that:

Xn'n — Mn
Pr { : b < x} = Pr{Xpn < apx+ bp}
= F"(a,x + bp)

and:
G(x) = lim F"(a,x + bp)

n— o0
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Construction of a stress scenario with the GEV distribution

Stress Testing and Scenario Analysis

Construction of a stress scenario with the GEV distribution

Question 1.a
Find the limit distribution G when X ~ £()\), a,=A"tand b, = XA"1Inn.
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Construction of a stress scenario with the GEV distribution

Stress Testing and Scenario Analysis

Construction of a stress scenario with the GEV distribution

We have:
ot b = (1 (e ton)
1 n
- ()
n
We deduce that:
G(x)=li ] Lex T Y
(><)—nl>mC>O - e = e = N\ (x)
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Construction of a stress scenario with the GEV distribution

Stress Testing and Scenario Analysis

Construction of a stress scenario with the GEV distribution

Question 1.b

Same question when X ~ Ug 1], an = n~!and b,=1—-n""1
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Construction of a stress scenario with the GEV distribution

Stress Testing and Scenario Analysis

Construction of a stress scenario with the GEV distribution

We have:

F" (apx + b,) = (n_lx +1-— n_l)n

N

G(x) = lim <1+%(x—1))n:ex—1:w1(x—1)

n—-0o0

We deduce that:
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Construction of a stress scenario with the GEV distribution

Stress Testing and Scenario Analysis

Construction of a stress scenario with the GEV distribution

Same question when X is a Pareto distribution:

F(x)=1— (9;X>_a,

a, = 0a~tn'/ and b, = Ont/> — 9.
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Construction of a stress scenario with the GEV distribution

Stress Testing and Scenario Analysis

Construction of a stress scenario with the GEV distribution

We have:

0 “\"
F" n bn — 1—
(anx - bn) ( (9 +0a—1nl/ox + nl/o — 9) )

— 1 1 “\"
- -\ aq—1pl/ax 4+ pl/a
(1 1 (1 + f)_a)

n o

We deduce that:

G(x) = lim (1 1 (1 + 5)_a>n — o (+2) " — o, (1 n i)

n—oo n 8%
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Construction of a stress scenario with the GEV distribution

Stress Testing and Scenario Analysis

Construction of a stress scenario with the GEV distribution

We denote by G the GEV probability distribution:

c(x)zeXp{ [Hg(X;M)]w}

What is the interest of this probability distribution? Write the
log-likelihood function associated to the sample {xi,...,x7}.
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Construction of a stress scenario with the GEV distribution

Stress Testing and Scenario Analysis

Construction of a stress scenario with the GEV distribution

The GEV distribution encompasses the three EV probability distributions.
This is an interesting property, because we have not to choose between the
three EV distributions. We have:

-2 o) el el )

We deduce that:

I SN EE AR =i\
¢ = —Zlno ( : )_lln(Hf( - ))

I

[ (5]

=1
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Construction of a stress scenario with the GEV distribution

Stress Testing and Scenario Analysis

Construction of a stress scenario with the GEV distribution

Show that for & — 0, the distribution G tends toward the Gumbel

distribution:
e )
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Construction of a stress scenario with the GEV distribution

Stress Testing and Scenario Analysis

Construction of a stress scenario with the GEV distribution

We notice that:
lim (1 + &x) Y8 = e
£—0

Then we obtain:

- 1-1/€)
lim G (x) = Iimexp{— 1+§(X_'u> .

£—0 £—0

— X_/jj __1/5\
= expg — lim 1—|—§< ) >
£—0 i o |

- en{-on(- (7))
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Construction of a stress scenario with the GEV distribution

Stress Testing and Scenario Analysis

Construction of a stress scenario with the GEV distribution

We consider the minimum value of daily returns of a portfolio for a period
of n trading days. We then estimate the GEV parameters associated to the
sample of the opposite of the minimum values. We assume that £ is equal
to 1.
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Construction of a stress scenario with the GEV distribution

Stress Testing and Scenario Analysis

Construction of a stress scenario with the GEV distribution

Show that we can approximate the portfolio loss (in %) associated to the
return period T with the following expression:

r(T):—(ﬁJr (%—1) 6)

where ji and ¢ are the ML estimates of GEV parameters.
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Construction of a stress scenario with the GEV distribution

Stress Testing and Scenario Analysis

Construction of a stress scenario with the GEV distribution

We have:
G l(a)=p—ott [1 —(—1In a)—g]

When the parameter £ is equal to 1, we obtain:
Glla)=p—o (1 —(—1In a)_l)

By definition, we have 7 = (1 — a)_l n. The return period 7 is then
associate to the confidence level « =1 — n/T. We deduce that:

R(T) =~ —G71(1-n/t)

= —(n—o(1-(=ma-n7N™))

e (E)

We then replace i1 and o by their ML estimates /i and &.

Q
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Construction of a stress scenario with the GEV distribution

We set n equal to 21 trading days. We obtain the following results for two
portfolios:

Portfolio {1 o &
#1 1% 3% 1
#2 10% 2% 1

Calculate the stress scenario for each portfolio when the return period is
equal to one year. Comment on these results.
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Construction of a stress scenario with the GEV distribution

For Portfolio #1, we obtain:

R(LY) = — (1% + (% -~ 1) x 3%) — —34%

For Portfolio #2, the stress scenario is equal to:

R(1Y) = — (10% + (% - 1) x 2%) — —32%

We conclude that Portfolio #1 is more risky than Portfolio #2 if we
consider a stress scenario analysis.
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