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Single and multi-name credit default swaps
Credit Risk Risk contribution in the Basel || model
Modeling loss given default

Single and multi-name credit default swaps

We assume that the default time 7 follows an exponential distribution
with parameter A. Write the cumulative distribution function F, the
survival function S and the density function f of the random variable 7.
How do we simulate this default time?
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Single and multi-name credit default swaps

We have F (t) =1 — e, S(t) = e * and f (t) = Ae™*t. We know that
S (7) ~ Ujp,1]- Indeed, we have:

Pr{U<u} = Pr{S(r) < u}
= Pr{r>S""(u)}
= S(S7'(v))

— u

It follows that 7 = S~ (U) with U ~ Ujo,1]- Let u be a uniform random
variate. Simulating 7 is then equivalent to transform u into t:

1
t=——1Inu

A
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Single and multi-name credit default swaps

We consider a CDS 3M with two-year maturity and $1 mn notional
principal. The recovery rate R is equal to 40% whereas the spread s is
equal to 150 bps at the inception date. We assume that the protection leg
Is paid at the default time.
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Single and multi-name credit default swaps

Give the cash flow chart. What is the P&L of the protection seller A if the
reference entity does not default? What is the PnL of the protection buyer
B if the reference entity defaults in one year and two months?

o
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Single and multi-name credit default swaps

The premium leg is paid quarterly. The coupon payment is then equal to:

PL(tm) = AtmxsxN
1
— Z><150><1o—4><106
= $3750

In case of default, the default leg paid by protection seller is equal to:

DL = (1-R)xN
= (1 —40%) x 10°
= $600 000
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Single and multi-name credit default swaps

The corresponding cash flow chart is given in Figure 1. If the reference
entity does not default, the P&L of the protection seller is the sum of
premium interests:

rseller — g % 3750 = $30 000

If the reference entity defaults in one year and two months, the P&L of the

protection buyer is?:
nbwer — (1-R)x N — Z At, x s x N
tm<T
0 6 2
— (1-40%) x 10° — (4 5 ) x 3750
— $582500

2We include the accrued premium.
Thierry Roncalli Course 2023-2024 in Financial Risk Management




Single and multi-name credit default swaps
Credit Risk Risk contribution in the Basel || model
Modeling loss given default

Single and multi-name credit default swaps
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Single and multi-name credit default swaps

Question 2.b

What is the relationship between s, R and A\? What is the implied
one-year default probability at the inception date?
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Single and multi-name credit default swaps

Using the credit triangle relationship, we have:
S~(1-R)x A
We deduce that3:

PD A

S
1-R
150 x 10~*
1 —40%
= 2.50%
3We recall that the one-year default probability is approximately equal to \:
PD = 1-S(1)

PEE]
_
|
[

| >
P
N

~ A
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Single and multi-name credit default swaps

Seven months later, the CDS spread has increased and is equal to 450 bps.
Estimate the new default probability. The protection buyer B decides to
realize his P&L. For that, he reassigns the CDS contract to the
counterparty C. Explain the offsetting mechanism if the risky PVO1 is
equal to 1.189.
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Single and multi-name credit default swaps

We denote by s’ the new CDS spread. The default probability becomes:
5/
1-R
450 x 10~4
1 —40%
= 7.50%

PD =

The protection buyer is short credit and benefits from the increase of the
default probability. His mark-to-market is therefore equal to:

= N X (5’ — 5) X RPVy;
= 10° x (450 — 150) x 10™* x 1.189
= $35671

M buyer

The offsetting mechanism is then the following: the protection buyer B
transfers the agreement to C, who becomes the new protection buyer; C
continues to pay a premium of 150 bps to the protection seller A; in
return, C pays a cash adjustment of $35671 to B.
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Single and multi-name credit default swaps

We consider the following CDS spread curves for three reference entities:

Maturity #1 #2 #3
6M 130 bps 1280 bps 30 bps
1Y 135 bps 070 bps 35 bps
3Y 140 bps 750 bps 50 bps
5Y 150 bps 600 bps 80 bps
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Single and multi-name credit default swaps

Question 3.a

Define the notion of credit curve. Comment the previous spread curves.
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Single and multi-name credit default swaps

For a given date t, the credit curve is the relationship between the
maturity T and the spread s; (T). The credit curve of the reference entity
#1 is almost flat. For the entity #2, the spread is very high in the
short-term, meaning that there is a significative probability that the entity
defaults. However, if the entity survive, the market anticipates that it will
improve its financial position in the long-run. This explains that the credit
curve #2 is decreasing. For reference entity #3, we obtain opposite
conclusions. The company is actually very strong, but there are some
uncertainties in the future*. The credit curve is then increasing.

4An example is a company whose has a monopoly because of a strong technology,
but faces a hard competition because technology is evolving fast in its domain (e.g.
Blackberry at the end of 2000s).
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Single and multi-name credit default swaps

Using the Merton Model, we estimate that the one-year default probability
is equal to 2.5% for #1, 5% for #2 and 2% for #3 at a five-year horizon
time. Which arbitrage position could we consider about the reference

entity #27
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Single and multi-name credit default swaps

If we consider a standard recovery rate (40%), the implied default
probability is 2.50% for #1, 10% for #2 and 1.33% for #3. We can
consider a short credit position in #2. In this case, we sell the 5Y
protection on #2 because the model tells us that the market default
probability is over-estimated. In place of this directional bet, we could
consider a relative value strategy: selling the 5Y protection on #2 and
buying the bY protection on #3.
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Single and multi-name credit default swaps

Question 4

We consider a basket of n single-name CDS.
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Single and multi-name credit default swaps

Question 4.a

What is a first-to-default (FtD), a second-to-default (StD) and a
last-to-default (LtD)?
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Single and multi-name credit default swaps

Let 7., be the k™ default among the basket. FtD, StD and LtD are three
CDS products, whose credit event is related to the default times 71.,, T2,
and 7,.,.
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Single and multi-name credit default swaps

Question 4.b

Define the notion of default correlation"'What is its impact on three
previous spreads?
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Single and multi-name credit default swaps

The default correlation p measures the dependence between two default
times 7; and 7. The spread of the FtD (resp. LtD) is a decreasing (resp.
increasing) function with respect to p.
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Single and multi-name credit default swaps

We assume that n = 3. Show the following relationship:

sCDS | ¢CDS | CDS _ (FtD | (StD | gLtD

where 5°P5 is the CDS spread of the i*® reference entity.
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Single and multi-name credit default swaps

To fully hedge the credit portfolio of the 3 entities, we can buy the 3 CDS.
Another solution is to buy the FtD plus the StD and the LtD (or the
third-to-default). Because these two hedging strategies are equivalent, we
deduce that:

51CDS 4+ 52CDS + S?E]DS _ SFtD + SStD 4+ SLtD
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Single and multi-name credit default swaps

Many professionals and academics believe that the subprime crisis is due
to the use of the Normal copula. Using the results of the previous
question, what could you conclude?

Thierry Roncalli Course 2023-2024 in Financial Risk Management



Single and multi-name credit default swaps
Credit Risk Risk contribution in the Basel || model
Modeling loss given default

Single and multi-name credit default swaps

We notice that the default correlation does not affect the value of the
CDS basket, but only the price distribution between FtD, StD and LtD.
We obtain a similar result for CDO®. In the case of the subprime crisis, all
the CDO tranches have suffered, meaning that the price of the underlying

basket has dropped. The reasons were the underestimation of default
probabilities.

5The junior, mezzanine and senior tranches can be viewed as FtD, StD and LtD.
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Risk contribution in the Basel || model

We note L the portfolio loss of n credit and w; the exposure at default of
the i*®" credit. We have:

L(W):WTE:ZW,-xg,- (1)

where ¢; is the unit loss of the i*" credit. Let F be the cumulative
distribution function of L (w).
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Risk contribution in the Basel || model

Question 1.a

We assume that ¢ = (e1,...,e,) ~ N (0,X). Compute the value-at-risk
VaR,, (w) of the portfolio when the confidence level is equal to «.
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Risk contribution in the Basel || model

The portfolio loss L follows a Gaussian probability distribution:
L(w) ~ N (0,VwTzw)

We deduce that:
VaR, (W) = ® 1 (a) VwTZw
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Risk contribution in the Basel || model

Question 1.b

Deduce the marginal value-at-risk of the i*® credit. Define then the risk
contribution RC; of the i*" credit.
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Risk contribution in the Basel || model

We have:
0 VaRo(w) 0 1 T >
dw = g (0T @ W)’
= o1 (a) % (WTZW)_% (2Xw)
1 2w

The marginal value-at-risk of the i*"" credit is then:

O VaRa (W) . .. . (Zw),
MR; = = ’
Iw ) e

The risk contribution of the i*" credit is the product of the exposure by
the marginal risk:

RC,‘ = Ww; X MR,‘
_ el (o) w; X (Xw);

vVxTYXx
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Risk contribution in the Basel || model

Check that the marginal value-at-risk is equal to:

V) gl 1=

Comment on this result.
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Risk contribution in the Basel || model

By construction, the random vector (e, L (w)) is Gaussian with:

(oo )~ ((0) (uie wisw)

We deduce that the conditional distribution function of € given that
L (w) = ¢ is Gaussian and we have:

Ele|L(w)=/=0+Xw (WTZW)_l (¢ —0)
We finally obtain:

Ele|L(w)=F'(a)] = Tw (WTZW)_l o (a)VwTZw

— o l(a) =
w!Xw

B 0 VaR, (w)

- ow

The marginal VaR of the i*" credit is then equal to the conditional mean
of the individual loss €; given that the portfolio loss is exactly equal to the
value-at-risk.

Thierry Roncalli Course 2023-2024 in Financial Risk Management



Single and multi-name credit default swaps
Credit Risk Risk contribution in the Basel |l model
Modeling loss given default

Risk contribution in the Basel || model

We consider the Basel Il model of credit risk and the value-at-risk risk
measure. [he expression of the portfolio loss is given by:

L =) EAD; x LGD; x1 {r; < M;} (2)

=1
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Risk contribution in the Basel || model

Question 2.a

Define the different parameters EAD;, LGD;, 7; and M;. Show that
Model (2) can be written as Model (1) by identifying w; and ;.
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Risk contribution in the Basel || model

EAD; is the exposure at default, LGD; is the loss given default, 7; is the
default time and T; is the maturity of the credit /. We have:

Ww; = EAD,
g; = LGD; x1 {T,' < T,'}

The exposure at default is not random, which is not the case of the loss
given default.
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Risk contribution in the Basel || model

What are the necessary assumptions (#) to obtain this result:

Ele; | L=F ' (a)] =E[LGD;] xE[D; | L =F ' (a)]

with D; = 1 {T,' < M,}
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Risk contribution in the Basel || model

We have to make the following assumptions:
(1) the loss given default LGD; is independent from the default time 7;;

(i) the portfolio is infinitely fine-grained meaning that there is no
exposure concentration:

EAD;

~ 0
27:1 EAD;

(iii) the default times depend on a common risk factor X and the
relationship is monotonic (increasing or decreasing).

In this case, we have:
Ele; | L=F ' (a)] =E[LGD;] xE[D; | L =F ' (a)]

with D; =1 {T,‘ < T,'}.
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Risk contribution in the Basel || model

Deduce the risk contribution RC; of the i*" credit and the value-at-risk of
the credit portfolio.
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Risk contribution in the Basel || model

It follows that:

RC,’ = w; X MR,'
= EAD; xE[LGD;| xE[D; | L =F ' (a)]

The expression of the value-at-risk is then:
VaRq (W) = > RC;
i=1

_ En:EAD,- xE[LGD{] x E[D; | L = F~* (a)]

i=1
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Risk contribution in the Basel || model

We assume that the credit / defaults before the maturity M; if a latent
variable Z; goes below a barrier B;:

T < M; & Z < B,

We consider that Z; = /pX + /1 — pe; where Z;, X and ¢; are three
independent Gaussian variables A (0,1). X is the factor (or the systematic
risk) and ¢; is the idiosyncratic risk.

v

Thierry Roncalli Course 2023-2024 in Financial Risk Management



Single and multi-name credit default swaps
Credit Risk Risk contribution in the Basel |l model
Modeling loss given default

Risk contribution in the Basel || model

Question 2.d (i)

Interpret the parameter p.
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We have

E[ZiZ]

E|(vAX + vI-pei) (VAX +VT=ps)

= P

p i1s the constant correlation between assets Z; and Z;.
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Question 2.d (ii)
Calculate the unconditional default probability:

pi = Pr{r; < M;}
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Risk contribution in the Basel || model

We have:

pi = Pr{r <T;}
= PF{Z,' S B,}
= & (B;)
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Risk contribution in the Basel || model

Calculate the conditional default probability:

pi (x) =Pr{r; < M; | X = x}
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Risk contribution in the Basel || model

It follows that:
pi(x) = Pr{Z; <B;| X =x}
= Pr{VpX+ T psi < B | X =x]
B pX
= Pl S )

(5
:cp( fx)
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Show that, under the previous assumptions (H), the risk contribution RC;
of the i*" credit is:

(3)

O~ (pi) + /7" (a))

RC,' = EAD, x K LGD, x ¢ (
LGP T—p

when the risk measure is the value-at-risk.
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Under the assumptions (), we know that:

L = ) EAD;xE[LGDj] x p;(X)
i=1

— zn:EAD, x K [LGD,] X ¢ (cb_l (Pi) _ \/ﬁx)

=1

= g(X)

with g’ (x) < 0. We deduce that:

VaR, (w) = F1(a)

()

Pr{ig(X) < VaR, (w)} =«

Pr{X >g " (VaR, (w))} =«
Pr{X <g ' (VaRq (w))} =1—a
gt (VaR, (w)) = o1 (1 — a)
VaR, (w) = g (¢~ (1 — o))

~
~
~
~
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Risk contribution in the Basel || model

It follows that:
VaRq (W) = g (o7 (1—a))

zn:EAD,- xE[LGD/] x p; (¢! (1 — «))

=1

The risk contribution RC; of the ith credit is then:

RC; = EAD; xE[LGD/] x p; (¢~ (1 — «))
S~ (pi) — /PO (1 - a))

= EAD, xE [LGD,] X O (

 BADXELGD] « 6 (cp—l (p1) + /70! (a>)
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Risk contribution in the Basel || model

We now assume that the risk measure is the expected shortfall:

ES. (w) =E[L| L > VaR, (w)]

Thierry Roncalli Course 2023-2024 in Financial Risk Management




Single and multi-name credit default swaps
Credit Risk Risk contribution in the Basel |l model
Modeling loss given default

Risk contribution in the Basel || model

In the case of the Basel |l framework, show that we have:

ES,, (w) = iEAD; <E[LGD;] x E [p; (X) | X < o7 (1 — a)]
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We note Q the event X < g~ ! (VaR,, (w)) or equivalently
X <®71(1—a). We have:

ES, (w) = E[L|L> VaR, (w)]
E[L|g(X) > VaR, (w)]
= E[L|X < g™ (VaRa (w))

= E|) EAD; xE[LGD{] x p; (X) | Q

L i=1

_ zn:EAD,- xE[LGD;] x E[p; (X) | Q]

=1
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Risk contribution in the Basel || model

By using the following result:

/C d(a + bx)p(x)dx = P, (c

a —b
o0 ’\/1+b2'\/1+b2)
where ®; (x, y; p) is the cdf of the bivariate Gaussian distribution with

correlation p on the space [—o0, x| X [—00, y|, deduce that the risk
contribution RC; of the i*" credit in the Basel Il model is:

C(1l- i
RC,‘ = EAD, x K [LGD,] X ( ol \/ﬁ) (4)

1l —

when the risk measure is the expected shortfall. Here C(uy, uo; 0) is the
Normal copula with parameter 6.
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Risk contribution in the Basel || model

It follows that:

s 2[o( 55 o

- [ (g )
b (cp—qi (();)— )

Oy (O~ (1 —a), 01 (p;): /)

1l -«

C(1—a piiyp)

1l — «

where C is the Gaussian copula. We deduce that:

C(l—-o,pi;
RC; = EAD; xE [LGD;] x (L - pivp)

1l — «
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What become the results (3) and (4) if the correlation p is equal to zero?
Same question if p = 1.
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Risk contribution in the Basel || model

If p =0, we have:

O~ (p) + /p® ! (@) _
e I I )
—p

and:

C(1— o, pii/p) _ (1—a)p

l—« 1l —«
R

The risk contribution is the same for the value-at-risk and the expected
shortfall:

RC,‘ = EAD, XE[LGD,] X Pj

= E[L]

It corresponds to the expected loss of the credit.
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Risk contribution in the Basel || model

If p =1 and a > 50%, we have:

o (SLELLIOI) g g (92e) 1O )

p—1
= 1

If p=1 and « is high (o > 1 — sup; p;), we have:

C(1—a,piip) ~ min(1—a;pj)

1l -« 1l -«
= 1

In this case, the risk contribution is the same for the value-at-risk and the

expected shortfall:
RC,‘ = EAD, X K [LGD,]

However, it does not depend on the unconditional probability of default p;.
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Risk contribution in the Basel || model

The risk contributions (3) and (4) were obtained considering the
assumptions (#) and the default model defined in Question 2(d). What
are the implications in terms of Pillar 27

Thierry Roncalli Course 2023-2024 in Financial Risk Management




Single and multi-name credit default swaps
Credit Risk Risk contribution in the Basel |l model
Modeling loss given default

Risk contribution in the Basel || model

Pillar 2 concerns the non-compliance of assumptions (H). In particular, we
have to understand the impact on the credit risk measure if the portfolio is
not infinitely fine-grained or if asset correlations are not constant.
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Modeling loss given default

What is the difference between the recovery rate and the loss given
default?
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Modeling loss given default

The loss given default is equal to:
LGD=1-R+c

where c is the recovery (or litigation) cost. Consider for example a $200
credit and suppose that the borrower defaults. If we recover $140 and the
litigation cost is $20, we obtain R = 70% and LGD = 40%, but not
LGD = 30%.
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Modeling loss given default

We consider a bank that grants 250 000 credits per year. The average
amount of a credit is equal to $50000. We estimate that the average
default probability is equal to 1% and the average recovery rate is equal to
65%. The total annual cost of the litigation department is equal to $12.5
mn. Give an estimation of the loss given default?
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Modeling loss given default

The amounts outstanding of credit is:

EAD = 250000 x 50000
— $12.5 bn

The annual loss after recovery is equal to:

Il = EADx(1—R)xPD+C
= 43.75+12.5
—  $56.25 mn

where C is the litigation cost.
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Modeling loss given default

We deduce that:

L

EAD x PD
54
12.5 x 103 x 1%
= 45%

LGD =

This figure is larger than 35%, which is the loss given default without
taking into account the recovery cost.
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Modeling loss given default

The probability density function of the beta probability distribution B (a, b)

IS:
a—1 (

B (a, b)

f(x) =2

where B (a, b) = fol (1 — u)’ .
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Modeling loss given default

Why is the beta probability distribution a good candidate to model the

loss given default? Which parameter pair (a, b) correspond to the uniform
probability distribution?
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Modeling loss given default

The Beta distribution allows to obtain all the forms of LGD (bell curve,
inverted-U shaped curve, etc.). The uniform distribution corresponds to
the case &« = 1 and 8 = 1. Indeed, we have:

Xa—l (1 _ X)B_l
fol ue=1(1—u)’ ! du
= 1

flx) =
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Modeling loss given default

Let us consider a sample (xg, ..., x,) of n losses in case of default. Write
the log-likelihood function. Deduce the first-order conditions of the
maximum likelihood estimator.
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Modeling loss given default

We have:

E(Oé,ﬁ) — Zlnf(Xi)

= —ninB(a,B)+ (a—1) Z“”IX, —1)Z|”(1_Xi)

The first-order conditions are:

O£ (v, B) Oa B( 5)
(92 = —n a Zlnx,—

and:

04(a, ) _ %B(& f) Zm(l_x,)_o

—nNn

o B(ap)
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Modeling loss given default

We recall that the first two moments of the beta probability distribution
are:

a
a+b

E[X] =
ab

Jz(X) — 2
(a+b)" (a+b+1)

Find the method of moments estimator.
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Modeling loss given default

Let ur,gp and or,gp be the mean and standard deviation of the LGD
parameter. The method of moments consists in estimating a and 3 such

that:
a —_
a+ B = ULGD
and:
i — UI%GD
(a+B8) (a+B+1)
We have: .
B _ Oé( o :LLLGD)
HLGD
and:

(a+ B)* (a+ B+ 1) ot ap = of
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Modeling loss given default

It follows that:

and:

2 1— 1 —
afl = @ (oz + a( #1.GD) + 1) O'%GD = a2( HLGD)

2
M1,GD ULGD

We deduce that:

1 — 1 —
N (1 N ( uLGD)> _ (I —prep)prep .

2
HLGD O1L.cD
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Modeling loss given default

We finally obtain:

2 1 —
N G
aONM = PLGD ( > FL D) — HLGD (5)
9LGD
A prep (1 — MLGD)2
OBvm = 5 — (1 - prap) (6)
9LGD
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Modeling loss given default

We consider a risk class C corresponding to a customer/product
segmentation specific to retail banking. A statistical analysis of 1000 loss
data available for this risk class gives the following results:

LGDx 0% 25% 50% 75% 100%
Nk 100 100 600 100 100

where ny is the number of data corresponding to LGDy.
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Modeling loss given default

We consider a portfolio of 100 homogeneous credits, which belong to the
risk class C. The notional is $10 000 whereas the annual default probability
is equal to 1%. Calculate the expected loss of this credit portfolio with a
one-year horizon time if we use the previous empirical distribution to
model the LGD parameter.
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Modeling loss given default

The mean of the loss given default is equal to:

100 x 0% + 100 x 25% + 600 x 50% + ...

MLGD = 1000
= 50%
The expression of the expected loss is:
100
EL =) EAD; xE[LGD;] x PD;
i=1

where PD; is the default probability of credit /. We finally obtain:

100

EL = ZlOOOO x 50% x 1%
=1
—  $5000
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Modeling loss given default

Question 4.b

We assume that the LGD parameter follows a beta distribution 5 (a, b).
Calibrate the parameters a and b with the method of moments.
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Modeling loss given default

We have ur,gp = 50% and:

/100 x (0 — 0.5)° 4100 x (0.25 — 0.5)" + ...
JLGD = 1000

\/2 % 0.52 4+ 2 x 0.252

10
/0625
B 10

= 25%

Using Equations (5) and (6), we deduce that:

0.5% x (1 —0.5)

\ = —0.5=1.
QMM 0952 0.5 5
A 0.5 x (1 — 0.5)°
— —(1—-05)=1.
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Modeling loss given default

We assume that the Basel || model is valid. We consider the portfolio
described in Question 4(a) and calculate the unexpected loss. What is the
impact if we use a uniform probability distribution instead of the calibrated
beta probability distribution? Why does this result hold even if we consider
different factors to model the default time?

v
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Modeling loss given default

The previous portfolio is homogeneous and infinitely fine-grained. In this
case, we know that the unexpected loss depends on the mean of the loss
given default and not on the entire probability distribution. Because the
expected value of the calibrated Beta distribution is 50%, there is no
difference with the uniform distribution, which has also a mean equal to
50%. This result holds for the Basel model with one factor, and remains
true when they are more factors.
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