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Covariance matrix
. Expected shortfall of an equity portfolio
Market Risk Value-at-risk of a long/short portfolio
Risk management of exotic options

Covariance matrix

We consider a universe of three stocks A, B and C.
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Covariance matrix
. Expected shortfall of an equity portfolio
Market Risk Value-at-risk of a long/short portfolio
Risk management of exotic options

Covariance matrix

The covariance matrix of stock returns is:
4%
Y =1 3% 5%
2% —1% 6%
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Covariance matrix
. Expected shortfall of an equity portfolio
Market Risk Value-at-risk of a long/short portfolio
Risk management of exotic options

Covariance matrix

Question 1.a

Calculate the volatility of stock returns.
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Covariance matrix
. Expected shortfall of an equity portfolio
Market Risk Value-at-risk of a long/short portfolio
Risk management of exotic options

Covariance matrix

We have:
oA — \/21,1 = \/4% — 20%

For the other stocks, we obtain og = 22.36% and oc = 24.49%.
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Covariance matrix
. Expected shortfall of an equity portfolio
Market Risk Value-at-risk of a long/short portfolio
Risk management of exotic options

Covariance matrix

Question 1.b

Deduce the correlation matrix.
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Covariance matrix
. Expected shortfall of an equity portfolio
Market Risk Value-at-risk of a long/short portfolio
Risk management of exotic options

Covariance matrix

The correlation is the covariance divided by the product of volatilities:

Y15 3%
Ra, Rg) = 2 = = 67.08%
p( A B) \/Zl,l > 22,2 20% x 22.36% ’
We obtain:
100.00%
p = 67.08% 100.00%

40.82% —18.26% 100.00%
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Covariance matrix
. Expected shortfall of an equity portfolio
Market Risk Value-at-risk of a long/short portfolio
Risk management of exotic options

Covariance matrix

We assume that the volatilities are 10%, 20% and 30%. whereas the
correlation matrix is equal to:

100%
p=| 50% 100%
25% 0% 100%
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Covariance matrix
. Expected shortfall of an equity portfolio
Market Risk Value-at-risk of a long/short portfolio
Risk management of exotic options

Covariance matrix

Question 2.a

Write the covariance matrix.
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Covariance matrix
. Expected shortfall of an equity portfolio
Market Risk Value-at-risk of a long/short portfolio
Risk management of exotic options

Covariance matrix

Using the formula X; ; = p; jo;o;, it follows that:

1.00%
Y =1 1.00% 4.00%
0.75% 0.00% 9.00%
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Covariance matrix
. Expected shortfall of an equity portfolio
Market Risk Value-at-risk of a long/short portfolio
Risk management of exotic options

Covariance matrix

Question 2.b

Calculate the volatility of the portfolio (50%, 50%, 0).
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Covariance matrix
. Expected shortfall of an equity portfolio
Market Risk Value-at-risk of a long/short portfolio
Risk management of exotic options

Covariance matrix

We deduce that:

o’ (w) = 05°x1%+05%x4%+2x05x0.5x1%
= 1.75%

and o (w) = 13.23%.
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Covariance matrix
. Expected shortfall of an equity portfolio
Market Risk Value-at-risk of a long/short portfolio
Risk management of exotic options

Covariance matrix

Calculate the volatility of the portfolio (60%, —40%,0). Comment on this
result.
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Covariance matrix

Expected shortfall of an equity portfolio
Value-at-risk of a long/short portfolio
Risk management of exotic options

Market Risk

Covariance matrix

It follows that:

o> (w) = 0.62%x 1%+ (—0.4)° x 4% + 2 x 0.6 x (—0.4) x 1%
= 0.52%
and o (w) = 7.21%. This long/short portfolio has a lower volatility than

the previous long-only portfolio, because part of the risk is hedged by the
positive correlation between stocks A and B.
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Covariance matrix
. Expected shortfall of an equity portfolio
Market Risk Value-at-risk of a long/short portfolio
Risk management of exotic options

Covariance matrix

Question 2.d

We assume that the portfolio is long $150 in stock A, long $500 in stock B
and short $200 in stock C. Find the volatility of this long/short portfolio.
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Covariance matrix

Expected shortfall of an equity portfolio
Value-at-risk of a long/short portfolio
Risk management of exotic options

Market Risk

Covariance matrix

We have:

0% (w) = 1502 x 1% + 5002 x 4% + (—200)° x 9% +
2 x 150 x 500 x 1% +
2 x 150 x (—200) x 0.75% +
2 x 500 x (—200) x 0%
= 14875

The volatility is equal to $121.96 and is measured in USD contrary to the
two previous results which were expressed in %.
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Covariance matrix

Expected shortfall of an equity portfolio
Value-at-risk of a long/short portfolio
Risk management of exotic options

Market Risk

Covariance matrix

We consider that the vector of stock returns follows a one-factor model:
R=08F+¢

We assume that F and ¢ are independent. We note azf the variance of F
and D = diag (67, 535,53) the covariance matrix of idiosyncratic risks e¢.
We use the following numerical values: o = 50%, 51 = 0.9, 5, = 1.3,

53 — 01, 5’1 = 5%, 5’2 — 5% and 5’3 = 15%
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Covariance matrix
. Expected shortfall of an equity portfolio
Market Risk Value-at-risk of a long/short portfolio
Risk management of exotic options

Covariance matrix

Question 3.a

Calculate the volatility of stock returns.
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Covariance matrix
. Expected shortfall of an equity portfolio
Market Risk Value-at-risk of a long/short portfolio
Risk management of exotic options

Covariance matrix

We have:
E[R] = BE[F] + E|[e]

and:
R—E[R]=B8(F-E[F])+e—E]¢]

It follows that:
cov(R) = E|[(R—E[R])(R—E[R])"
= E[B(F-E[F)(F-E[F])8'] +
2 X E |B(F-E[F]) (e ~E[e]) | +
E|(z~E[e]) (e~ E[e])"]
= o388 +D
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Covariance matrix
. Expected shortfall of an equity portfolio
Market Risk Value-at-risk of a long/short portfolio
Risk management of exotic options

Covariance matrix

We deduce that:

7 (R) = \Jo3 52 + 57
We obtain o (RA) = 18.68%, o (RB) = 26.48% and O'(Rc) = 15.13%.
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Covariance matrix
. Expected shortfall of an equity portfolio
Market Risk Value-at-risk of a long/short portfolio
Risk management of exotic options

Covariance matrix

Question 3.b

Calculate the correlation between stock returns.
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Covariance matrix
. Expected shortfall of an equity portfolio
Market Risk Value-at-risk of a long/short portfolio
Risk management of exotic options

Covariance matrix

The correlation between stocks i and j is defined as follows:

0585

P (Riv R) —
o (R)o(R))
We obtain:
100.00%
p = 94.62% 100.00%

12.73%  12.98% 100.00%
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Covariance matrix

Expected shortfall of an equity portfolio
Value-at-risk of a long/short portfolio
Risk management of exotic options

Market Risk

Expected shortfall of an equity portfolio

Exercise

We consider an investment universe, which is composed of two stocks A
and B. The current prices of the two stocks are respectively equal to $100
and $200. Their volatilities are equal to 25% and 20% whereas the
cross-correlation is equal to —20%. The portfolio is long of 4 stocks A and
3 stocks B. )
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Covariance matrix
. Expected shortfall of an equity portfolio
Market Risk Value-at-risk of a long/short portfolio
Risk management of exotic options

Expected shortfall of an equity portfolio

Calculate the Gaussian expected shortfall at the 97.5% confidence level for
a ten-day time horizon.
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Covariance matrix

Expected shortfall of an equity portfolio
Value-at-risk of a long/short portfolio
Risk management of exotic options

Market Risk

Expected shortfall of an equity portfolio

We have:

[ = 4(PA,t+h — 'DA,t) +3 (PB,Hh o 'DBat)
= 4PatRat1n +3PB,tRB,t1h
= 400 X Ra,t+n + 600 X Rp t1n

where Ra ++n and Rp 1 are the stock returns for the period [t, t + h].
We deduce that the variance of the P&L is:

o2 (M) = 400 x (25%)° + 600 x (20%)° +
2 x 400 x 600 x (—20%) x 25% x 20%
= 19600
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Covariance matrix

Expected shortfall of an equity portfolio
Value-at-risk of a long/short portfolio
Risk management of exotic options

Market Risk

Expected shortfall of an equity portfolio

We deduce that o (IT) = $140. We know that the one-year expected
shortfall is a linear function of the volatility:

ES, (w;one year) = gb((f__f))m(n)

= 2.34 x 140
= $327.60

The 10-day expected shortfall is then equal to $64.25:

1
ES. (w;ten days) = \/% x 327.60

= $64.25
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Covariance matrix
. Expected shortfall of an equity portfolio
Market Risk Value-at-risk of a long/short portfolio
Risk management of exotic options

Expected shortfall of an equity portfolio

The eight worst scenarios of daily stock returns among the last 250
historical scenarios are the following:

s 1 2 3 4 5 6 I 3
Ra —3% —4% —3% —5% —6% +3% +1% —1%
Re —4% +1% —2% —1% +2% —7% —3% —2%

Calculate then the historical expected shortfall at the 97.5% confidence
level for a ten-day time horizon.
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Covariance matrix
. Expected shortfall of an equity portfolio
Market Risk Value-at-risk of a long/short portfolio
Risk management of exotic options

Expected shortfall of an equity portfolio

We have:
[1s =400 X Ra s + 600 X Rp s

We deduce that the value [l of the daily P&L for each scenario s is:

s 1 2 3 4 5 6 7 8
ne -36 -10 -24 -26 -12 -30 -14 -16
Meso —36 —30 —-26 -24 —-16 —14 —-12 -—10
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Covariance matrix

Expected shortfall of an equity portfolio
Value-at-risk of a long/short portfolio
Risk management of exotic options

Market Risk

Expected shortfall of an equity portfolio

The value-at-risk at the 97.5% confidence level correspond to the 6.25%"

order statistic3. We deduce that the historical expected shortfall for a
one-day time horizon is equal to:

ES, (w;oneday) = —E[M]|MN < —VaR, ()]

1 6
— _6 Z I_Is:250
s=1

1
= (36430 +26+24+16 + 14)

= 2433

By considering the square-root-of-time rule, it follows that the 10-day
expected shortfall is equal to $76.95.

3We have 2.5% x 250 = 6.25.
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Covariance matrix

Expected shortfall of an equity portfolio
Value-at-risk of a long/short portfolio
Risk management of exotic options

Market Risk

Value-at-risk of a long/short portfolio

Exercise

We consider a long/short portfolio composed of a long (buying) position in
asset A and a short (selling) position in asset B. The long exposure is $2
mn whereas the short exposure is $1 mn. Using the historical prices of the
last 250 trading days of assets A and B, we estimate that the asset
volatilities o4 and o are both equal to 20% per year and that the
correlation pa g between asset returns is equal to 50%. In what follows,
we ignore the mean effect.
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Covariance matrix
. Expected shortfall of an equity portfolio
Market Risk Value-at-risk of a long/short portfolio
Risk management of exotic options

Value-at-risk of a long/short portfolio

We note Sa; (resp. Sg ) the price of stock A (resp. B) at time t. The
portfolio value is:

P: (w) = waSa: + wgSg ¢
where wy and wg are the number of stocks A and B. We deduce that the
P&L between t and t + 1 is:
N(w) = P — P
wa (Sat+1 — Sat) + we (Sg.t+1 — Sb.t)
wWaSa.tRat+1 + weSg.tRB t+1
= WaRa+1 + Wi R 111

where Ra +11 and Rp 41 are the asset returns of A and B between t and
t+1, and Wa  and Wpg  are the nominal wealth invested in stocks A and
B at time t.
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Covariance matrix
. Expected shortfall of an equity portfolio
Market Risk Value-at-risk of a long/short portfolio
Risk management of exotic options

Value-at-risk of a long/short portfolio

Calculate the Gaussian VaR of the long/short portfolio for a one-day
holding period and a 99% confidence level.
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Covariance matrix

Expected shortfall of an equity portfolio
Value-at-risk of a long/short portfolio
Risk management of exotic options

Market Risk

Value-at-risk of a long/short portfolio

We have Wy = +2 and Wp ; = —1. The P&L (expressed in USD
million) has the following expression:

M(w) =2Ra i1 — Ree41

We have M (w) ~ N (0,02 (M)) with:

o (M) = /(204 + (—08) +2pas x (204) X (~05)
— \/4 x 0.202 4 (—0.20)> — 4 x 0.5 x 0.202
= V3 x20%
~ 34.64%
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Covariance matrix

Expected shortfall of an equity portfolio
Value-at-risk of a long/short portfolio
Risk management of exotic options

Market Risk

Value-at-risk of a long/short portfolio

The annual volatility of the long/short portfolio is then equal to $346 400.
We consider the square-root-of-time rule to calculate the daily
value-at-risk:

1
VaRogy, (w; one day) = x ®71(0.99) x v/3 x 20%

V260
= 5.01%

The 99% value-at-risk is then equal to $50 056.
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Covariance matrix

Expected shortfall of an equity portfolio
Value-at-risk of a long/short portfolio
Risk management of exotic options

Market Risk

Value-at-risk of a long/short portfolio

How do you calculate the historical VaR? Using the historical returns of
the last 250 trading days, the five worst scenarios of the 250 simulated
daily P&L of the portfolio are —58 700, —56 850, —54 270, —52170 and
—49231. Calculate the historical VaR for a one-day holding period and a
99% confidence level.
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Covariance matrix

Expected shortfall of an equity portfolio
Value-at-risk of a long/short portfolio
Risk management of exotic options

Market Risk

Value-at-risk of a long/short portfolio

We use the historical data to calculate the scenarios of asset returns
(Ra,t+1, RB,t+1). We then deduce the empirical distribution of the P&L
with the formula M (w) = 2Ra ++1 — Re ++1. Finally, we calculate the
empirical quantile. With 250 scenarios, the 1% decile is between the
second and third worst cases:

1
VaRggy, (w; 0one day) = — |—56850 + 5 (—54270 — (—56 850))
= 55560

The probability to lose $55 560 per day is equal to 1%. We notice that the

difference between the historical VaR and the Gaussian VaR is equal to
11%.
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Covariance matrix
. Expected shortfall of an equity portfolio
Market Risk Value-at-risk of a long/short portfolio
Risk management of exotic options

Value-at-risk of a long/short portfolio

We assume that the multiplication factor m. is 3. Deduce the required
capital if the bank uses an internal model based on the Gaussian
value-at-risk. Same question when the bank uses the historical VaR.
Compare these figures with those calculated with the standardized
measurement method.
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Covariance matrix
. Expected shortfall of an equity portfolio
Market Risk Value-at-risk of a long/short portfolio
Risk management of exotic options

Value-at-risk of a long/short portfolio

If we assume that the average of the last 60 VaRs is equal to the current
VaR, we obtain:

KKMA = me x v/10 x VaRggy, (w; one day)

IC™MA s respectively equal to $474 877 and $527 088 for the Gaussian and
historical VaRs. In the case of the standardized measurement method, we

have:
JCOPetic = 2 % 8% + 1 x 8%
= $240000
and:
’CGeneral _ |2 . 1‘ % 8%
= $80000
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Covariance matrix
. Expected shortfall of an equity portfolio
Market Risk Value-at-risk of a long/short portfolio
Risk management of exotic options

Value-at-risk of a long/short portfolio

We deduce that:

’CSMM ’CSpeciﬁc 4+ K:General

= $320000

The internal model-based approach does not achieve a reduction of the
required capital with respect to the standardized measurement method.
Moreover, we have to add the stressed VaR under Basel 2.5 and the IMA
regulatory capital is at least multiplied by a factor of 2.

Thierry Roncalli
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Covariance matrix
. Expected shortfall of an equity portfolio
Market Risk Value-at-risk of a long/short portfolio
Risk management of exotic options

Value-at-risk of a long/short portfolio

Question 4

Show that the Gaussian VaR is multiplied by a factor equal to /7/3 if the
correlation pa g is equal to —50%. How do you explain this result?
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Covariance matrix

Expected shortfall of an equity portfolio
Value-at-risk of a long/short portfolio
Risk management of exotic options

Market Risk

Value-at-risk of a long/short portfolio

If pa g = —0.50, the volatility of the P&L becomes:

o(M) = 1/4x0202+(~020)* — 4 x (—0.5) x 0.202
— V7 x20%

We deduce that:

VaR, (pa,g = —50%) o (M; pas = —50%) [ 1 53
VaR, (pag = +50%) o (M;pap=+50%) V3

The value-at-risk increases because the hedging effect of the positive
correlation vanishes. With a negative correlation, a long/short portfolio
becomes more risky than a long-only portfolio.
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Covariance matrix
. Expected shortfall of an equity portfolio
Market Risk Value-at-risk of a long/short portfolio
Risk management of exotic options

Value-at-risk of a long/short portfolio

The portfolio manager sells a call option on the stock A. The delta of the
option is equal to 50%. What does the Gaussian value-at-risk of the

long /short portfolio become if the nominal of the option is equal to $2
mn? Same question when the nominal of the option is equal to $4 mn.
How do you explain this result?
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Covariance matrix
. Expected shortfall of an equity portfolio
Market Risk Value-at-risk of a long/short portfolio
Risk management of exotic options

Value-at-risk of a long/short portfolio

The P&L formula becomes:
M(w) = WaiRatr1 + WetRety1 — (Carr1 — Cat)
where Cj4 ¢ is the call option price. We have:

CA,t—I—l — CA,t ~ A (SA,t+1 — SA,t)

where A; is the delta of the option. If the nominal of the option is USD 2
million, we obtain:

M(w) = 2Ra— Rg—2x0.5X Ry
— Ra— Rs (1)
and:
o(M) = \/0.202 +(=0.20)° — 2 x 0.5 x 0.202
= 20%
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Covariance matrix

Expected shortfall of an equity portfolio
Value-at-risk of a long/short portfolio
Risk management of exotic options

Market Risk

Value-at-risk of a long/short portfolio

If the nominal of the option is USD 4 million, we obtain:

H(W) = 2RA—RB—4><O.5><RA
= —Rs (2)

and o (1) = 20%. In both cases, we have:

1
VaRggy, (w; one day) = N x ®71(0.99) x 20%

= $28900

The value-at-risk of the long/short portfolio (1) is then equal to the
value-at-risk of the short portfolio (2) because of two effects: the absolute
exposure of the long/short portfolio is higher than the absolute exposure
of the short portfolio, but a part of the risk of the long/short portfolio is
hedged by the positive correlation between the two stocks.
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Covariance matrix

Expected shortfall of an equity portfolio
Value-at-risk of a long/short portfolio
Risk management of exotic options

Market Risk

Value-at-risk of a long/short portfolio

The portfolio manager replaces the short position on the stock B by selling
a call option on the stock B. The delta of the option is equal to 50%.
Show that the Gaussian value-at-risk is minimum when the nominal is
equal to four times the correlation pa g. Deduce then an expression of the
lowest Gaussian VaR. Comment on these results.
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Covariance matrix

Expected shortfall of an equity portfolio
Value-at-risk of a long/short portfolio
Risk management of exotic options

Market Risk

Value-at-risk of a long/short portfolio

We have:
M(w) = WaiRatr1 — (Cse+1 — CBt)
and:
CB,t—|—1 — CB,t ~ A (SB,t—l—l — SB,t)

where A; is the delta of the option. We note x the nominal of the option
expressed in USD million. We obtain:

H(W) = 2RA—X><At>< RB
X
— 2RA — §RB
We have?:
o- (M) = 403+ TB +2pa g X (204) X (—503)
oA

= 2 (x* — 8pagx +16)

“Because o4 = og = 20%.
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Covariance matrix

Expected shortfall of an equity portfolio
Value-at-risk of a long/short portfolio
Risk management of exotic options

Market Risk

Value-at-risk of a long/short portfolio

Minimizing the Gaussian value-at-risk is equivalent to minimizing the
variance of the P&L. We deduce that the first-order condition is:

0 o2 (M 2
%—X():%(QX—SPA,B):O

We deduce that the minimum VaR is reached when the nominal of the
option is x = 4pa g. We finally obtain:

o (M) = %A\/mpaw — 3202 5 + 16
= 20A\/1 — Pag
and:
VaRggo, (w; one day) = \/Qlﬁ X 2.33 X 2 x 2070 X \/1 B pi\’B

~ 578% x \/1- %
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Covariance matrix

Expected shortfall of an equity portfolio
Value-at-risk of a long/short portfolio
Risk management of exotic options

Market Risk

Value-at-risk of a long/short portfolio

If pa.g is negative (resp. positive), the exposure x is negative meaning
that we have to buy (resp. to sell) a call option on stock B in order to
hedge a part of the risk related to stock A. If pa g is equal to zero, the
exposure x is equal to zero because a position on stock B adds
systematically a supplementary risk to the portfolio.
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Covariance matrix

Expected shortfall of an equity portfolio
Value-at-risk of a long/short portfolio
Risk management of exotic options

Market Risk

Risk management of exotic options

Exercise

Let us consider a short position on an exotic option, whose its current
value C; is equal to $6.78. We assume that the price S; of the underlying
asset is $100 and the implied volatility X; is equal to 20%.
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Covariance matrix

Expected shortfall of an equity portfolio
Value-at-risk of a long/short portfolio
Risk management of exotic options

Market Risk

Risk management of exotic options

Let C; be the option price at time t. The P&L of the trader between t

and t + 1 is;
I_I —_— — (Ct+1 - Ct)

The formulation of the exercise suggests that there are two main risk
factors: the price of the underlying asset S; and the implied volatility ;.
We then obtain:

= Ct (5t7 Zt) — Ct—i—l (St—|—17 Zt+1)
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Covariance matrix
. Expected shortfall of an equity portfolio
Market Risk Value-at-risk of a long/short portfolio
Risk management of exotic options

Risk management of exotic options

At time t + 1, the value of the underlying asset is $97 and the implied
volatility remains constant. We find that the P&L of the trader between t
and t + 1 is equal to $1.37. Can we explain the P&L by the sensitivities
knowing that the estimates of delta A;, gamma I'; and vega? v; are
respectively equal to 49%, 2% and 40%?

Imeasured in volatility points.
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Covariance matrix
. Expected shortfall of an equity portfolio
Market Risk Value-at-risk of a long/short portfolio
Risk management of exotic options

Risk management of exotic options

We have:

N = GC(S,%:) — Cer1(Seq1, Xea1)

1
SAY: (5t+1 — St) — Qrt (St—l—l — St)2 — Uy (Zt—l—l — Zt)

Q

Using the numerical values of A, I'; and v, we obtain:

M

Q

1
—0.49 x (97 — 100) —  x 0.02 x (97 - 100)°

= 1.47 —-0.09
= 1.38

We explain the P&L by the sensitivities very well.
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Covariance matrix

Expected shortfall of an equity portfolio
Value-at-risk of a long/short portfolio
Risk management of exotic options

Market Risk

Risk management of exotic options

At time t + 2, the price of the underlying asset is $97 while the implied
volatility increases from 20% to 22%. The value of the option C;.» is now
equal to $6.17. Can we explain the P&L by the sensitivities knowing that
the estimates of delta A1, gamma ;.1 and vega v;,1 are respectively
equal to 43%, 2% and 38%?
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Covariance matrix

Expected shortfall of an equity portfolio
Value-at-risk of a long/short portfolio
Risk management of exotic options

Market Risk

Risk management of exotic options

We have:
M = Gi1(St+1, Ze11) — G2 (Ster2, Xe42)
1
~ =B (Se2 — Se41) — Ertﬂ (St42 — 5t+1)2 N

Vi1 (Zt—|—2 — Zt+1)

Using the numerical values of A;, 1, INsy11 and v;11, we obtain:

M

Q

1
—0.49 % 0 — 5 x 0.02 x 0% — 0.38 x (22 — 20)
= —0.76
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Covariance matrix

Expected shortfall of an equity portfolio
Value-at-risk of a long/short portfolio
Risk management of exotic options

Market Risk

Risk management of exotic options

To compare this value with the true P&L, we have to calculate C;1:

Ct—|—1 — Ct - (Ct — Ct+1)
= 6.78 —1.37
= 541
We deduce that:
N = Ct—l—l — ct—|—2
= b.41—-06.17
= —0.76

Again, the sensitivities explain the P&L very well.
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Covariance matrix

Expected shortfall of an equity portfolio
Value-at-risk of a long/short portfolio
Risk management of exotic options

Market Risk

Risk management of exotic options

At time t + 3, the price of the underlying asset is $95 and the value of the
implied volatility is 19%. We find that the P&L of the trader between

t +2 and t + 3 is equal to $0.58. Can we explain the P&L by the
sensitivities knowing that the estimates of delta A;.,, gamma IN;;» and
vega v;4o are respectively equal to 44%, 1.8% and 38%.
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Covariance matrix

Expected shortfall of an equity portfolio
Value-at-risk of a long/short portfolio
Risk management of exotic options

Market Risk

Risk management of exotic options

We have:

M = Gi2(St+2, 2e12) = Ce3(St43, L143)

1

~ —At+2 (5t+3 - 5t—|—2) - Ert+2 (5t+3 - 5t+2)2 o

Vi42 (Zt—i—S — Zt+2)

Using the numerical values of A;,5, ;1> and v;15, we obtain:

[

Q

1
~0.44 x (95 — 97) — - x 0.018 x (95 — 97)% —

0.38 x (19 — 22)
— 0.88—0.036 + 1.14
— 1.984

The P&L approximated by the Greek coefficients largely overestimate the
true value of the P&L.
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Covariance matrix
. Expected shortfall of an equity portfolio
Market Risk Value-at-risk of a long/short portfolio
Risk management of exotic options

Risk management of exotic options

Question 4

What can we conclude in terms of model risk?
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Covariance matrix

Expected shortfall of an equity portfolio
Value-at-risk of a long/short portfolio
Risk management of exotic options

Market Risk

Risk management of exotic options

We notice that the approximation using the Greek coefficients works very
well when one risk factor remains constant:

@ Between t and t + 1, the price of the underlying asset changes, but
not the implied volatility;

@ Between t 4+ 1 and t + 2, this is the implied volatility that changes
whereas the price of the underlying asset is constant.

Therefore, we can assume that the bad approximation between t + 2 and
t + 3 is due to the cross effect between S; and 2;. In terms of model risk,
the P&L is then exposed to the vanna risk, meaning that the Black-Scholes
model is not appropriate to price and hedge this exotic option.
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Single and multi-name credit default swaps
Credit Risk Risk contribution in the Basel || model
Modeling loss given default

Single and multi-name credit default swaps

We assume that the default time 7 follows an exponential distribution
with parameter \. Write the cumulative distribution function F, the
survival function S and the density function f of the random variable 7.
How do we simulate this default time?
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Single and multi-name credit default swaps
Credit Risk Risk contribution in the Basel || model
Modeling loss given default

Single and multi-name credit default swaps

We have F(t) =1 — e, S(t) = et and f (t) = Ae"*t. We know that
S (7) ~ Ujp,1]- Indeed, we have:

Pr{U<u} = Pr{S(r) < u}
= Pr{r>S""(u)}
= S(S7'(v))

— u

It follows that 7 = S~ (U) with U ~ Ujo,1]- Let u be a uniform random
variate. Simulating 7 is then equivalent to transform u into t:

1
t=——1Inu

A
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Single and multi-name credit default swaps
Credit Risk Risk contribution in the Basel || model
Modeling loss given default

Single and multi-name credit default swaps

We consider a CDS 3M with two-year maturity and $1 mn notional
principal. The recovery rate R is equal to 40% whereas the spread s is
equal to 150 bps at the inception date. We assume that the protection leg
is paid at the default time.
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Single and multi-name credit default swaps
Credit Risk Risk contribution in the Basel || model
Modeling loss given default

Single and multi-name credit default swaps

Give the cash flow chart. What is the P&L of the protection seller A if the
reference entity does not default? What is the PnL of the protection buyer
B if the reference entity defaults in one year and two months?

v
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Single and multi-name credit default swaps
Credit Risk Risk contribution in the Basel || model
Modeling loss given default

Single and multi-name credit default swaps

The premium leg is paid quarterly. The coupon payment is then equal to:

PL(tm) = AtmxsxN
1
— Z><150><1o—4><106
= $3750

In case of default, the default leg paid by protection seller is equal to:

DL = (1-R)xN
= (1 —40%) x 10°
= $600000
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Single and multi-name credit default swaps
Credit Risk Risk contribution in the Basel || model
Modeling loss given default

Single and multi-name credit default swaps

The corresponding cash flow chart is given in Figure 1. If the reference
entity does not default, the P&L of the protection seller is the sum of
premium interests:

seller — g % 3750 = $30 000

If the reference entity defaults in one year and two months, the P&L of the
protection buyer is°:

Pwer = (1-R)xN— > AtpxsxN

th<T
2
= (1 —40%) x 10° — <4+ 5) x 3750
— $582500

®We include the accrued premium.
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Single and multi-name credit default swaps
Credit Risk Risk contribution in the Basel || model
Modeling loss given default

Single and multi-name credit default swaps

-

.

>

The protection buyer receives $600 000

if the defaults occurs before the maturity

QLI Q2 Q3 Q4 Q5 Q6 |Q7 Q8

NENERENE

- o>

The protection buyer pays $3 750

each quarter if the defaults does not occur

time
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Single and multi-name credit default swaps
Credit Risk Risk contribution in the Basel || model
Modeling loss given default

Single and multi-name credit default swaps

Question 2.b

What is the relationship between s, R and A\? What is the implied
one-year default probability at the inception date?
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Single and multi-name credit default swaps
Credit Risk Risk contribution in the Basel || model
Modeling loss given default

Single and multi-name credit default swaps

Using the credit triangle relationship, we have:
S~(1-R)x A

We deduce that’:

PD ~ A\
N S
- 1-R
150 x 1077
1 —40%
= 2.50%

"We recall that the one-year default probability is approximately equal to A:
PD = 1-S(1)

= 1—e*
~ 1—(1-=2MX)
~ )
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Single and multi-name credit default swaps
Credit Risk Risk contribution in the Basel || model
Modeling loss given default

Single and multi-name credit default swaps

Seven months later, the CDS spread has increased and is equal to 450 bps.
Estimate the new default probability. The protection buyer B decides to
realize his P&L. For that, he reassigns the CDS contract to the
counterparty C. Explain the offsetting mechanism if the risky PVO1 is

equal to 1.189.
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Single and multi-name credit default swaps
Credit Risk Risk contribution in the Basel || model
Modeling loss given default

Single and multi-name credit default swaps

We denote by s’ the new CDS spread. The default probability becomes:
S/
1—-R
450 x 10~4
1 —40%
= 7.50%

The protection buyer is short credit and benefits from the increase of the
default probability. His mark-to-market is therefore equal to:

= N X (S/ — S) X RPVo
— 10° x (450 — 150) x 10™* x 1.189
= $35671

PD =

M buyer

The offsetting mechanism is then the following: the protection buyer B
transfers the agreement to C, who becomes the new protection buyer; C
continues to pay a premium of 150 bps to the protection seller A; in
return, C pays a cash adjustment of $35671 to B.
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Single and multi-name credit default swaps
Credit Risk Risk contribution in the Basel || model
Modeling loss given default

Single and multi-name credit default swaps

We consider the following CDS spread curves for three reference entities:

Maturity #1 +2 #3
oM 130 bps 1280 bps 30 bps
1Y 135 bps 070 bps 35 bps
3Y 140 bps 750 bps 50 bps
5Y 150 bps 600 bps 80 bps
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Single and multi-name credit default swaps
Credit Risk Risk contribution in the Basel || model
Modeling loss given default

Single and multi-name credit default swaps

Question 3.a

Define the notion of credit curve. Comment the previous spread curves.
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Single and multi-name credit default swaps
Credit Risk Risk contribution in the Basel || model
Modeling loss given default

Single and multi-name credit default swaps

For a given date t, the credit curve is the relationship between the
maturity T and the spread s; (T). The credit curve of the reference entity
#1 is almost flat. For the entity #2, the spread is very high in the
short-term, meaning that there is a significative probability that the entity
defaults. However, if the entity survive, the market anticipates that it will
improve its financial position in the long-run. This explains that the credit
curve #2 is decreasing. For reference entity #3, we obtain opposite
conclusions. The company is actually very strong, but there are some
uncertainties in the future®. The credit curve is then increasing.

8 An example is a company whose has a monopoly because of a strong technology,
but faces a hard competition because technology is evolving fast in its domain (e.g.
Blackberry at the end of 2000s).
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Single and multi-name credit default swaps
Credit Risk Risk contribution in the Basel || model
Modeling loss given default

Single and multi-name credit default swaps

Using the Merton Model, we estimate that the one-year default probability
is equal to 2.5% for #1, 5% for #2 and 2% for #3 at a five-year horizon
time. Which arbitrage position could we consider about the reference

entity #27
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Single and multi-name credit default swaps
Credit Risk Risk contribution in the Basel || model
Modeling loss given default

Single and multi-name credit default swaps

If we consider a standard recovery rate (40%), the implied default
probability is 2.50% for #1, 10% for #2 and 1.33% for #3. We can
consider a short credit position in #2. In this case, we sell the 5Y
protection on #2 because the model tells us that the market default
probability is over-estimated. In place of this directional bet, we could
consider a relative value strategy: selling the 5Y protection on #2 and
buying the bY protection on #3.
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Single and multi-name credit default swaps
Credit Risk Risk contribution in the Basel || model
Modeling loss given default

Single and multi-name credit default swaps

Question 4

We consider a basket of n single-name CDS.
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Single and multi-name credit default swaps
Credit Risk Risk contribution in the Basel || model
Modeling loss given default

Single and multi-name credit default swaps

Question 4.a

What is a first-to-default (FtD), a second-to-default (StD) and a
last-to-default (LtD)?
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Single and multi-name credit default swaps
Credit Risk Risk contribution in the Basel || model
Modeling loss given default

Single and multi-name credit default swaps

Let T4, be the k™ default among the basket. FtD, StD and LtD are three
CDS products, whose credit event is related to the default times 71.,, 72.,
and 7,.,.
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Single and multi-name credit default swaps
Credit Risk Risk contribution in the Basel || model
Modeling loss given default

Single and multi-name credit default swaps

Question 4.b

Define the notion of default correlation"'What is its impact on three
previous spreads?
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Single and multi-name credit default swaps
Credit Risk Risk contribution in the Basel || model
Modeling loss given default

Single and multi-name credit default swaps

The default correlation p measures the dependence between two default
times 7; and 7. The spread of the FtD (resp. LtD) is a decreasing (resp.
increasing) function with respect to p.
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Single and multi-name credit default swaps
Credit Risk Risk contribution in the Basel || model
Modeling loss given default

Single and multi-name credit default swaps

We assume that n = 3. Show the following relationship:

sCDS 4 (CDS | CDS _ GFtD | (StD | ¢LtD

where s°P5 is the CDS spread of the /" reference entity.
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Single and multi-name credit default swaps
Credit Risk Risk contribution in the Basel || model
Modeling loss given default

Single and multi-name credit default swaps

To fully hedge the credit portfolio of the 3 entities, we can buy the 3 CDS.
Another solution is to buy the FtD plus the StD and the LtD (or the
third-to-default). Because these two hedging strategies are equivalent, we
deduce that:

sCDS | ¢CDS | (ODS _ (FtD 4 (StD | ¢LtD
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Single and multi-name credit default swaps
Credit Risk Risk contribution in the Basel || model
Modeling loss given default

Single and multi-name credit default swaps

Many professionals and academics believe that the subprime crisis is due
to the use of the Normal copula. Using the results of the previous
question, what could you conclude?
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Single and multi-name credit default swaps
Credit Risk Risk contribution in the Basel || model
Modeling loss given default

Single and multi-name credit default swaps

We notice that the default correlation does not affect the value of the
CDS basket, but only the price distribution between FtD, StD and LtD.
We obtain a similar result for CDO?. In the case of the subprime crisis, all
the CDO tranches have suffered, meaning that the price of the underlying

basket has dropped. The reasons were the underestimation of default
probabilities.

9The junior, mezzanine and senior tranches can be viewed as FtD, StD and LtD.
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Single and multi-name credit default swaps
Credit Risk Risk contribution in the Basel || model
Modeling loss given default

Risk contribution in the Basel || model

We note L the portfolio loss of n credit and w; the exposure at default of
the i*®" credit. We have:

L(W):WT€:ZW,'><€,' (3)

where ¢; is the unit loss of the i** credit. Let F be the cumulative
distribution function of L (w).
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Single and multi-name credit default swaps
Credit Risk Risk contribution in the Basel || model
Modeling loss given default

Risk contribution in the Basel || model

Question 1.a

We assume that ¢ = (e1,...,e,) ~ N (0,X). Compute the value-at-risk
VaR,, (w) of the portfolio when the confidence level is equal to «.
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Single and multi-name credit default swaps
Credit Risk Risk contribution in the Basel || model
Modeling loss given default

Risk contribution in the Basel || model

The portfolio loss L follows a Gaussian probability distribution:
L(w) ~ N (0,VwTzw)

We deduce that:
VaR, (w) = 71 (a) VwTZw
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Single and multi-name credit default swaps
Credit Risk Risk contribution in the Basel || model
Modeling loss given default

Risk contribution in the Basel || model

Question 1.b

Deduce the marginal value-at-risk of the i*® credit. Define then the risk
contribution RC; of the i*" credit.
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Single and multi-name credit default swaps
Credit Risk Risk contribution in the Basel || model
Modeling loss given default

Risk contribution in the Basel || model

We have:
0 VaRa (W) o 0 —1 T %
ow N a—w(¢ (@) (w'Ew)")
_1
= ¢! (oz)% (w'Zw) 2 (2Zw)
>
= o7 () —=
w!Xw
The marginal value-at-risk of the i** credit is then:
0 VaR,, (w) 1 (Zw).
MR, = = (« ’
o w; (@) VwiZw

The risk contribution of the i** credit is the product of the exposure by
the marginal risk:

RC,‘ = Ww; X MR,'
_ el (o) w; X (Xw),

vVxTIx
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Single and multi-name credit default swaps
Credit Risk Risk contribution in the Basel || model
Modeling loss given default

Risk contribution in the Basel || model

Check that the marginal value-at-risk is equal to:

. VZ)R;.(W) =E[e; | L(w) = F 7 (a)]

Comment on this result.
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Single and multi-name credit default swaps
Credit Risk Risk contribution in the Basel || model
Modeling loss given default

Risk contribution in the Basel || model

By construction, the random vector (e, L (w)) is Gaussian with:

(oo )= ((5) (Wit )

We deduce that the conditional distribution function of ¢ given that
L (w) = ¢ is Gaussian and we have:

Ele|L(w)=/=0+Xw (WTZW)_l (¢ —0)
We finally obtain:

Ele|L(w)=F'(a)] = Tw (WTZW)_l o (a)VwTZw

— o l(a) =Y
w'Xw
0 VaR, (w)
ow

The marginal VaR of the i*" credit is then equal to the conditional mean
of the individual loss €; given that the portfolio loss is exactly equal to the
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Single and multi-name credit default swaps
Credit Risk Risk contribution in the Basel || model
Modeling loss given default

Risk contribution in the Basel || model

We consider the Basel || model of credit risk and the value-at-risk risk
measure. The expression of the portfolio loss is given by:

[ = Z EAD; x LGD; x1 {7; < M;} (4)

=1
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Single and multi-name credit default swaps
Credit Risk Risk contribution in the Basel || model
Modeling loss given default

Risk contribution in the Basel || model

Question 2.a

Define the different parameters EAD;, LGD;, 7; and M;. Show that
Model (4) can be written as Model (3) by identifying w; and ;.
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Single and multi-name credit default swaps
Credit Risk Risk contribution in the Basel || model
Modeling loss given default

Risk contribution in the Basel || model

EAD; is the exposure at default, LGD; is the loss given default, 7; is the
default time and T; is the maturity of the credit /. We have:

w; = EAD,
g; = LGD; x1 {T,‘ < T,}

The exposure at default is not random, which is not the case of the loss
given default.
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Single and multi-name credit default swaps
Credit Risk Risk contribution in the Basel || model
Modeling loss given default

Risk contribution in the Basel || model

What are the necessary assumptions () to obtain this result:
Ele; | L=F ' (a)] =E[LGD;] xE[D; | L =F ' (a)]

with D; = 1 {‘7‘,‘ < M,}
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Single and multi-name credit default swaps
Credit Risk Risk contribution in the Basel || model
Modeling loss given default

Risk contribution in the Basel || model

We have to make the following assumptions:
(i) the loss given default LGD; is independent from the default time 7;

(i) the portfolio is infinitely fine-grained meaning that there is no
exposure concentration:

EAD;
> r  EAD;

0

(iii) the default times depend on a common risk factor X and the
relationship is monotonic (increasing or decreasing).

In this case, we have:
Ele; | L=F ' (a)] =E[LGD;] xE[D; | L =F ' (a)]

with D; = 1{7; < T;}.
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Single and multi-name credit default swaps
Credit Risk Risk contribution in the Basel || model
Modeling loss given default

Risk contribution in the Basel || model

Deduce the risk contribution RC; of the i*" credit and the value-at-risk of
the credit portfolio.
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Single and multi-name credit default swaps
Credit Risk Risk contribution in the Basel || model
Modeling loss given default

Risk contribution in the Basel || model

It follows that:

RC,’ = Ww; X MR,
= EAD; xE[LGD;| xE[D; | L =F ! (a)]

The expression of the value-at-risk is then:

=1

= S EAD; xE[LGD{| xE [D; | L= F ! (a)]
=1

VaR,, (w)
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Single and multi-name credit default swaps
Credit Risk Risk contribution in the Basel || model
Modeling loss given default

Risk contribution in the Basel || model

We assume that the credit / defaults before the maturity M; if a latent
variable Z; goes below a barrier B;:

T < M; & Z < B,

We consider that Z; = /pX + /1 — pe; where Z;, X and ¢; are three
independent Gaussian variables AV (0,1). X is the factor (or the systematic
risk) and ¢; is the idiosyncratic risk.

A
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Single and multi-name credit default swaps
Credit Risk Risk contribution in the Basel || model
Modeling loss given default

Risk contribution in the Basel || model

Question 2.d (i)

Interpret the parameter p.
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Single and multi-name credit default swaps
Credit Risk Risk contribution in the Basel || model
Modeling loss given default

Risk contribution in the Basel || model

We have
E[ZiZ;] = E{(ﬁXnL\/l—pe,-) (\prJr\/l—psj)]
= P

p i1s the constant correlation between assets Z; and Z;.
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Single and multi-name credit default swaps
Credit Risk Risk contribution in the Basel || model
Modeling loss given default

Risk contribution in the Basel || model

Question 2.d (ii)
Calculate the unconditional default probability:

pi = Pr{r; < M;}
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Risk contribution in the Basel || model

We have:

pi = Pr{r <T;}
— PF{Z; S B,}
= ®(B;)
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Risk contribution in the Basel || model

Calculate the conditional default probability:

p;(X):Pr{T,'EM,'|X:X}
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Risk contribution in the Basel || model

It follows that:
pi(x) = Pr{Z <B;| X =x}
= Pr \fX—|—\/1—p€,§5|X_X}
B pX
= e e X

(1)

I
©
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Risk contribution in the Basel || model

Show that, under the previous assumptions (H), the risk contribution RC;
of the i*® credit is:

o~ (pi) + /7" (a))

RC,‘ = EAD, x K LGD, x ¢ (
[LGDi] T

(5)

when the risk measure is the value-at-risk.
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Risk contribution in the Basel || model

Under the assumptions (), we know that:

L = > EAD; xE[LGD{] x p; (X)

=1

— iEAD, XE[LGD,] X ¢ ( _1 (P/) \/7X)
— g(X)

with g’ (x) < 0. We deduce that:
VaR,, (w) = F*(a)

)

Pr{g(X) < VaR, (w)} =«
Pr{X > g " (VaR, (W Nt =a
Pr{X <g ' (VaRq (w))} =1—a

g ' (VaR, (w)) =01 (1 - )
VaRa (w)=g (Cb_l (1-a))

(IR R
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Risk contribution in the Basel || model

It follows that:

VaR, (w) = g(¢7'(1-a))
= Y EAD; xE[LGD{] x p; (¢71(1 — a))

The risk contribution RC; of the ith credit is then:

RC; = EAD; xE[LGD/] x p; (¢~ (1 — «))
S~ (pi) — /PO (1 - a))
V1i—p

 BADXELGD] « 6 (¢—1 (p1) + /PO (a>)

= EAD, x K [LGD,] X ¢ (
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Risk contribution in the Basel || model

We now assume that the risk measure is the expected shortfall:

ES. (w)=E[L| L > VaR, (w)]
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Risk contribution in the Basel || model

In the case of the Basel |l framework, show that we have:

ESa (W) = iEAD, X E [LGD,] x K [p,- (X) | X < Cb_l (1 — Oé)]

Thierry Roncalli Course 2023-2024 in Financial Risk Management 119 / 461



Single and multi-name credit default swaps
Credit Risk Risk contribution in the Basel || model
Modeling loss given default

Risk contribution in the Basel || model

We note Q the event X < g~ ! (VaR,, (w)) or equivalently
X <71 (1 —a). We have:

ESo (w) = E[L|L> VaR, (w)]
= E[L|g(X) > VaR, (w)]
= E[L|X < g™ (VaRa (w))

= E|) EAD,; xE[LGD{] x p; (X) | Q

L i=1

_ zn:EAD,- XE [LGD;] x E [p; (X) | Q]
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Risk contribution in the Basel || model

By using the following result:

/_; ®(a + bx)p(x) dx = b, (c, \/117132; \/1_+Lb2)

where ®, (x, y; p) is the cdf of the bivariate Gaussian distribution with

correlation p on the space [—oo, x| X [—o0, y|, deduce that the risk
contribution RC; of the i*" credit in the Basel Il model is:

C(l—a,pi;
RC; = EAD; xE [LGD;] x (L - pivp) (6)

1 —

when the risk measure is the expected shortfall. Here C(uy, uo; 0) is the
Normal copula with parameter 6.
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Risk contribution in the Basel || model

It follows that:

s 2[o( 55 o

/q;ol(la)(b <¢—11£p;) N _1{ )
MO
S (1 (1—a)

CD2 ((D_l (1 — Oz) , (D_l (p,) : \/ﬁ)

1l —

C(1—apiiyp)

1l -«

where C is the Gaussian copula. We deduce that:

C(l—a,pi;
RC; = EAD; xE [LGD;] x (1~ api vP)

1 —
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Risk contribution in the Basel || model

What become the results (5) and (6) if the correlation p is equal to zero?
Same question if p = 1.
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Risk contribution in the Basel || model

If p =0, we have:

o~ (pi) + /PP (a) .
o ( V)~ e (o)
V1—p

and:

C(1—a,pi;\/p) _ (A—0a)p

1 —« l—«

The risk contribution is the same for the value-at-risk and the expected
shortfall:

RC,‘ = EAD, XE[LGD,] X Pj

= E|[L]

It corresponds to the expected loss of the credit.
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Risk contribution in the Basel || model

If p =1 and a > 50%, we have:

o (SLOLLPOI) g g (92e) 1O )

p—1
= 1

If p=1and « is high (v > 1 — sup; p;), we have:

C(1—a,piip) ~ min(1—o;pi)

1l — « 1l -«
= 1

In this case, the risk contribution is the same for the value-at-risk and the
expected shortfall:

RC,’ = EAD, x K [LGD,]

However, it does not depend on the unconditional probability of default p;.
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Risk contribution in the Basel || model

The risk contributions (5) and (6) were obtained considering the
assumptions (#) and the default model defined in Question 2(d). What
are the implications in terms of Pillar 27
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Risk contribution in the Basel || model

Pillar 2 concerns the non-compliance of assumptions (). In particular, we
have to understand the impact on the credit risk measure if the portfolio is
not infinitely fine-grained or if asset correlations are not constant.
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Modeling loss given default

Modeling loss given default

What is the difference between the recovery rate and the loss given
default?
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Modeling loss given default

The loss given default is equal to:
LGD=1—-"R+c

where c is the recovery (or litigation) cost. Consider for example a $200
credit and suppose that the borrower defaults. If we recover $140 and the
litigation cost is $20, we obtain R = 70% and LGD = 40%, but not
LGD = 30%.
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Modeling loss given default

We consider a bank that grants 250 000 credits per year. The average
amount of a credit is equal to $50000. We estimate that the average
default probability is equal to 1% and the average recovery rate is equal to
65%. The total annual cost of the litigation department is equal to $12.5
mn. Give an estimation of the loss given default?
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Modeling loss given default

The amounts outstanding of credit is:

EAD = 250000 x 50000
— $12.5 bn

The annual loss after recovery is equal to:

L = EADxX(1—R)xPD+C
= 43.75+12.5
—  $56.25 mn

where C is the litigation cost.
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Modeling loss given default

We deduce that:

L

EAD x PD
54

12.5 x 103 x 1%
45%

LGD =

This figure is larger than 35%, which is the loss given default without
taking into account the recovery cost.
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Modeling loss given default

The probability density function of the beta probability distribution B (a, b)

IS:
a—1. (1 . X)b—l

Fix) = B (a, b)

where B (a, b) = fol (1 — u) .
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Modeling loss given default

Why is the beta probability distribution a good candidate to model the
loss given default? Which parameter pair (a, b) correspond to the uniform
probability distribution?
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Modeling loss given default

The Beta distribution allows to obtain all the forms of LGD (bell curve,
inverted-U shaped curve, etc.). The uniform distribution corresponds to
the case &« = 1 and 8 = 1. Indeed, we have:

Xa—l (1 _ X)B_l
fol ue=1(1—u)’ ! du
= 1

flx) =
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Modeling loss given default

Let us consider a sample (xg, ..., x,) of n losses in case of default. Write
the log-likelihood function. Deduce the first-order conditions of the
maximum likelihood estimator.
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Modeling loss given default

We have:

E(avﬁ) — Zlnf(xi)

= —nInB(oz,ﬂ)—l—(oz—l)szi-i-(ﬁ—l)Zl”(l_Xi)

The first-order conditions are:

8€(§(Z;ﬁ) :_n('? B(a 5) _I_Zlnxl _

and:

0f(a,pB) _ —n(?ﬁB (o, B)
op B (, 5)

—I—Zh’](l—X;):O
=1
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Modeling loss given default

We recall that the first two moments of the beta probability distribution
are:

a
a+b

E[X] =
ab
(a+b)>(a+b+1)

o’ (X) =

Find the method of moments estimator.
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Modeling loss given default

Let ur.gp and orLgp be the mean and standard deviation of the LGD
parameter. The method of moments consists in estimating « and 3 such

that:
a p—
a+ B HLGD
and:
i — U%GD
(a+ B (a+B+1)
We have: .
6 _ le( T MLGD)
HMLGD
and:

(+ B)* (a+ B+ 1) otap = of
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Modeling loss given default

It follows that:

HLGD
U%GD
and:
2
Q 1— 1 —
af = 5 (a—ka( uLGD)%—?)o%GD:: 2 HLGD)
H1.cD MULGD MLGD

We deduce that:

1— 1—
N (1 L MLGD)) _ (I—pep)pcp

2
HML.GD OL.cD
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Modeling loss given default

We finally obtain:

2 1 .
R G
aNM = PLGD ( > a D) — HLGD (7)
LGD
A prep (1 — ,uLGD)2
Bvm = 5 — (1 = prap) (8)

O1L.GD
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Modeling loss given default

We consider a risk class C corresponding to a customer/product
segmentation specific to retail banking. A statistical analysis of 1000 loss
data available for this risk class gives the following results:

LGD, 0% 25% 50% 75% 100%
Nk 100 100 600 100 100

where ny is the number of data corresponding to LGDy.
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Modeling loss given default

We consider a portfolio of 100 homogeneous credits, which belong to the
risk class C. The notional is $10 000 whereas the annual default probability
is equal to 1%. Calculate the expected loss of this credit portfolio with a
one-year horizon time if we use the previous empirical distribution to
model the LGD parameter.
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Modeling loss given default

The mean of the loss given default is equal to:

100 x 0% + 100 x 25% + 600 x 50% + ...

HLGD =

1000
= 50%
The expression of the expected loss is:
100
EL =) EAD; xE[LGD;] x PD;
i=1

where PD); is the default probability of credit /. We finally obtain:

100

EL = 210000 x 50% x 1%
=1

$5 000
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Modeling loss given default

Question 4.b

We assume that the LGD parameter follows a beta distribution 5 (a, b).
Calibrate the parameters a and b with the method of moments.
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Modeling loss given default

We have ur,gp = 50% and:

/100 x (0 — 0.5)° 4100 x (0.25 — 0.5)" + ...
JLGD = 1000

B \/2 x 0.52 + 2 x 0.252

10
- /0.625
- 10

= 25%

Using Equations (7) and (8), we deduce that:

. 0.5% x (1 —0.5)
aONM  — 0.252 —05=15
A 0.5 x (1 —0.5)
— —(1-05)=1.
Brim 0.252 (1-05)=15

Thierry Roncalli Course 2023-2024 in Financial Risk Management

146 / 461



Single and multi-name credit default swaps
Credit Risk Risk contribution in the Basel || model
Modeling loss given default

Modeling loss given default

We assume that the Basel || model is valid. We consider the portfolio
described in Question 4(a) and calculate the unexpected loss. What is the
impact if we use a uniform probability distribution instead of the calibrated
beta probability distribution? Why does this result hold even if we consider
different factors to model the default time?

v
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Modeling loss given default

The previous portfolio is homogeneous and infinitely fine-grained. In this
case, we know that the unexpected loss depends on the mean of the loss
given default and not on the entire probability distribution. Because the
expected value of the calibrated Beta distribution is 50%, there is no
difference with the uniform distribution, which has also a mean equal to
50%. This result holds for the Basel model with one factor, and remains
true when they are more factors.
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Impact of netting agreements in counterparty credit risk
Counterparty Credit Risk and Collateral Risk Calculation of the capital charge for counterparty credit risk
Calculation of CVA and DVA measures

Impact of netting agreements in counterparty credit risk

The table below gives the current mark-to-market of 7 OTC contracts
between Bank A and Bank B:

Equity Fixed income FX
Cq Co C3 | (4 Cs Ce (7
Al +10 -5 46| +17 -5 -5 +1
B|-11 46 -3 | —12 +9 +5 +1

The table should be read as follows: Bank A has a mark-to-market equal
to 10 for the contract C; whereas Bank B has a mark-to-market equal to
—11 for the same contract, Bank A has a mark-to-market equal to —5 for
the contract C, whereas Bank B has a mark-to-market equal to +6 for the
same contract, etc.

v
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Impact of netting agreements in counterparty credit risk

Question 1.a

Explain why there are differences between the MtM values of a same OTC
contract.
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Impact of netting agreements in counterparty credit risk

Let MtM4 (C) and MTMpg (C) be the MtM values of Bank A and Bank B
for the contract C. We must theoretically verify that:

MtMay g (C) = MTMy (C) + MTMg (C)
~ 0 (9)

In the case of listed products, the previous relationship is verified. In the
case of OTC products, there are no market prices, forcing the bank to use
pricing models for the valuation. The MTM value is then a mark-to-model
price. Because the two banks do not use the same model with the same
parameters, we note a discrepancy between the two mark-to-market prices:

MTM, (C) + MTMg (C) # 0
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Impact of netting agreements in counterparty credit risk

For instance, we obtain:

MTMa,5(C1) = 10—11=-1
MTMa.5(Co) = —546=1
MTMa,g(C5) = 6—3=3
MTMa, g (Cs) = 17-12=5
MTMa,g(Cs) = —-54+9=4
MTMa.g(Cs) = —5+5=0
MTMa,g(C;) = 141=2

Only the contract Cg satisfies the relationship (9).
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Impact of netting agreements in counterparty credit risk

Question 1.b
Calculate the exposure at default of Bank A.
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Impact of netting agreements in counterparty credit risk

We have: ,
EAD =) max(MTM(C;),0)
i=1
We deduce that:
EAD, = 10+6+4+17+1=34
EADg = 64+9+5+1=21
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Impact of netting agreements in counterparty credit risk

Same question if there is a global netting agreement.
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Impact of netting agreements in counterparty credit risk

If there is a global netting agreement, the exposure at default becomes:

EAD = max (27: MTM (C;), O)

=1

Using the numerical values, we obtain:

EADs = max(10—-5+64+17—-5-5+1,0)
= max(19,0)
= 19
and:
EADg = max(-114+6—-3—-12+9+5+1,0)
= max(—5,0)
= 0
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Impact of netting agreements in counterparty credit risk

Question 1.d

Same question if the netting agreement only concerns equity products.
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Impact of netting agreements in counterparty credit risk

If the netting agreement only concerns equity contracts, we have:
3 7
EAD = max <Z MTM (C;), 0) + > max(MTM (C;) ,0)
i=1 i=4

It follows that:

EADs = max(10-5+6,0)+17+1=29
EADg = max(—11+6—-3,0)+9+5+1=15
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Impact of netting agreements in counterparty credit risk

In the following, we measure the impact of netting agreements on the
exposure at default.

Thierry Roncalli Course 2023-2024 in Financial Risk Management 161 / 461



Impact of netting agreements in counterparty credit risk
Counterparty Credit Risk and Collateral Risk Calculation of the capital charge for counterparty credit risk
Calculation of CVA and DVA measures

Impact of netting agreements in counterparty credit risk

We consider a first OTC contract C; between Bank A and Bank B. The
mark-to-market MtM;j (t) of Bank A for the contract C; is defined as

follows:
MtM; (t) =x1 + oW (t)

where Wi (t) is a Brownian motion. Calculate the potential future
exposure of Bank A.
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Impact of netting agreements in counterparty credit risk

The potential future exposure e; (t) is defined as follows:
€1 (t) = max (X1 + o1 W, (t) ; 0)

We deduce that:

Ele (t)] = /OO max (x,0) f (x) dx

— 0

- /Oooxf(x) dx

where f (x) is the density function of MtM; (t). As we have
MtM; (t) ~ N (xi,07t), we deduce that:

E[e; (£)] = /Oooﬁexp (-é (’;MX;)z) dx
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Impact of netting agreements in counterparty credit risk

With the change of variable y = o7 't~/ (x — x;), we obtain:

X +Ulﬁy L,
Ele (¢)] = exp (——y ) dy
o—l)\qf V2T 2
= x| ¢ (y) dy + Ulf/_X1 ¢ (y) dy
01\/_ 01\/_

) +orvi[ - o]

o1/
- (i) s

because ¢ (—x) = ¢ (x) and & (—x) =1 — P (x).

- <alf

/0
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Impact of netting agreements in counterparty credit risk

We consider a second OTC contract between Bank A and Bank B. The
mark-to-market is also given by the following expression:

MtM- (t) = xo + oo W5 (t)

where W, (t) is a second Brownian motion that is correlated with Wj (t).
Let p be this correlation such that E [W; (t) WA (t)] = pt. Calculate the
expected exposure of bank A if there is no netting agreement.
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Impact of netting agreements in counterparty credit risk
Counterparty Credit Risk and Collateral Risk Calculation of the capital charge for counterparty credit risk
Calculation of CVA and DVA measures

Impact of netting agreements in counterparty credit risk

When there is no netting agreement, we have:

e(t)=e (t) + e (t)
We deduce that:

Ele(t)] = Ele(t)]+E[ex(t)]

= xo (2] +eio () +
X2¢<azf) ”M(/)( z\/?)
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Impact of netting agreements in counterparty credit risk
Counterparty Credit Risk and Collateral Risk Calculation of the capital charge for counterparty credit risk

Calculation of CVA and DVA measures

Impact of netting agreements in counterparty credit risk

Same question when there is a global netting agreement between Bank A
and Bank B.
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Counterparty Credit Risk and Collateral Risk Calculation of the capital charge for counterparty credit risk
Calculation of CVA and DVA measures

Impact of netting agreements in counterparty credit risk

In the case of a netting agreement, the potential future exposure becomes:

e(t) = max(MtM; (t) + MtM;(t),0)
= max (MtM1+2 (t),O)
= max(x1 +x0 + o1 W (t)+U2W2 (t),O)

We deduce that:
MtMy4o (t) ~ N (Xl + X2, (Jf + 0% + 2,00102) t)

Using results of Question 2(a), we finally obtain:

Ele(t)] = <><1+><2><b< 4 T >+

V(07 + 05 +2po102) t

X1 + X
V(03 + 03+ 200102) £ | —
V(07 + 05 +2poi02) t
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Impact of netting agreements in counterparty credit risk
Counterparty Credit Risk and Collateral Risk Calculation of the capital charge for counterparty credit risk

Calculation of CVA and DVA measures

Impact of netting agreements in counterparty credit risk

Question 2.d

Comment on these results.
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Impact of netting agreements in counterparty credit risk
Counterparty Credit Risk and Collateral Risk Calculation of the capital charge for counterparty credit risk
Calculation of CVA and DVA measures

Impact of netting agreements in counterparty credit risk

We have represented the expected exposure E [e (t)] in Figure 2 when

x1 = x» = 0 and o1 = 05. We note that it is an increasing function of the
time t and the volatility 0. We also observe that the netting agreement
may have a big impact, especially when the correlation is low or negative.
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Impact of netting agreements in counterparty credit risk
Calculation of the capital charge for counterparty credit risk
Calculation of CVA and DVA measures

Counterparty Credit Risk and Collateral Risk

Impact of netting agreements in counterparty credit risk

One OTC contract

Two OTC contracts

0.4y p = 707
—_—g, = 10% 0.4r1
o3 == g, = 20%
o3t e
o2t e
------------ 0.2} "‘,v
--------------- ""’
SR I o1l e
a“’- l'
I’ s
0.0 . 0.0 .
0 1 2 3 4 5 0 1 2 3 4 5
t (in years) t (in years)
Two OTC contracts Two OTC contracts
p = —507% t = 5 years
0.4r 0.4r
0.3} o3t ==
- -"'
0.2} 0.2} o
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01F  meem=T 0.1F o
_____ s
"9‘- /]
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Figure: Expected exposure E [e (t)] when there is a netting agreement
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Impact of netting agreements in counterparty credit risk

Calculation of the capital charge for counterparty credit risk
Calculation of CVA and DVA measures

Counterparty Credit Risk and Collateral Risk

Calculation of the CCR capital charge

We denote by e (t) the potential future exposure of an OTC contract with
maturity 7. The current date is set to t = 0. Let N and o be the notional
and the volatility of the underlying contract. We assume that

e(t) = NoyvtX with 0 < X <1, Pr{X < x} = x7 and v > 0.
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Impact of netting agreements in counterparty credit risk
Counterparty Credit Risk and Collateral Risk Calculation of the capital charge for counterparty credit risk
Calculation of CVA and DVA measures

Calculation of the CCR capital charge

Calculate the peak exposure PE, (t), the expected exposure EE (t) and
the effective expected positive exposure EEPE (0; t).
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Impact of netting agreements in counterparty credit risk
Counterparty Credit Risk and Collateral Risk Calculation of the capital charge for counterparty credit risk
Calculation of CVA and DVA measures

Calculation of the CCR capital charge

We have:

Foqg(x) = Prie(t) <x}
= PF{NO'\/EUSX}

X
= PrqU<
r{ _Naﬁ}
~

N (N;ﬁ)

with x € |0, No\/t|. We deduce that:

PE, (t) = [0 t] (04)
= NovVtal/?
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Impact of netting agreements in counterparty credit risk
Counterparty Credit Risk and Collateral Risk Calculation of the capital charge for counterparty credit risk
Calculation of CVA and DVA measures

Calculation of the CCR capital charge

For the expected exposure, we obtain:
EE(t) = Ele(t)]
No+/t
Y v—1
= X x7 7 dx
A o

~ V1 Nov/'t

(NU\/E)7 [’Y + 1]

Y
= —NovV't
v+ 1 \/

0
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Impact of netting agreements in counterparty credit risk
Counterparty Credit Risk and Collateral Risk Calculation of the capital charge for counterparty credit risk
Calculation of CVA and DVA measures

Calculation of the CCR capital charge

We deduce that:

8
EEE (t) = ——NoV't
and:
1 t
EEPE (0;t) = ?/ EEE (s) ds
0

1 [t 7y
= — —— No+/sds
t/o’7+1 Vs

t
= i NJl [253/2]

vy+1 t|[3 0
27
— Not
3(7 + 1) oVt
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Impact of netting agreements in counterparty credit risk

Counterparty Credit Risk and Collateral Risk Calculation of the capital charge for counterparty credit risk
Calculation of CVA and DVA measures

Calculation of the CCR capital charge

The bank manages the credit risk with the foundation IRB approach and
the counterparty credit risk with an internal model. We consider an OTC
contract with the following parameters: N is equal to $3 mn, the maturity
T is one year, the volatility o is set to 20% and ~ is estimated at 2.
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Impact of netting agreements in counterparty credit risk
Counterparty Credit Risk and Collateral Risk Calculation of the capital charge for counterparty credit risk

Calculation of CVA and DVA measures

Calculation of the CCR capital charge

Question 2.a

Calculate the exposure at default EAD knowing that the bank uses the
regulatory value for the parameter a.
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Impact of netting agreements in counterparty credit risk
Counterparty Credit Risk and Collateral Risk Calculation of the capital charge for counterparty credit risk
Calculation of CVA and DVA measures

Calculation of the CCR capital charge

When the bank uses an internal model, the regulatory exposure at default

IS:
EAD = a x EEPE (0; 1)

Using the standard value a = 1.4, we obtain:

4
EAD = 1.4><§><3><106><0.20
—  $373333
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Impact of netting agreements in counterparty credit risk
Counterparty Credit Risk and Collateral Risk Calculation of the capital charge for counterparty credit risk
Calculation of CVA and DVA measures

Calculation of the CCR capital charge

The default probability of the counterparty is estimated at 1%. Calculate
then the capital charge for counterparty credit risk of this OTC contract?.

¥We will take a value of 70% for the LGD parameter and a value of 20% for the
default correlation. We can also use the approximations —1.06 ~ —1 and

d(—1) =~ 16%.
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Impact of netting agreements in counterparty credit risk
Counterparty Credit Risk and Collateral Risk Calculation of the capital charge for counterparty credit risk
Calculation of CVA and DVA measures

Calculation of the CCR capital charge

While the bank uses the FIRB approach, the required capital is:

K = EAD xE[LGD] x (CD (cb_l (PD) T/Q_l (99'9%)) - PD)

When p is equal to 20%, we have:

®~1(PD) + /p®1(99.9%)  —2.33++/0.20 x 3.09
N B v1—-0.20
= —1.06

By using the approximations —1.06 ~ 1 and ¢ (—1) ~ 0.16, we obtain:

IC = 373333 x0.70 x (0.16 — 0.01)
= $39200

The required capital of this OTC product for counterparty credit risk is
then equal to $39 200.
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Impact of netting agreements in counterparty credit risk
Counterparty Credit Risk and Collateral Risk Calculation of the capital charge for counterparty credit risk
Calculation of CVA and DVA measures

Calculation of CVA and DVA measures

We consider an OTC contract with maturity T between Bank A and Bank
B. We denote by MtM (t) the risk-free mark-to-market of Bank A. The

current date is set to t = 0 and we assume that:
MtM (t)=N-o-Vt-X

where N is the notional of the OTC contract, o is the volatility of the
underlying asset and X is a random variable, which is defined on the
support [—1,1] and whose density function is:
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Impact of netting agreements in counterparty credit risk
Counterparty Credit Risk and Collateral Risk Calculation of the capital charge for counterparty credit risk
Calculation of CVA and DVA measures

Calculation of CVA and DVA measures

Define the concept of positive exposure et (t). Show that the cumulative
distribution function Fpo , of e™ (t) has the following expression:

F[o,t](X):ﬂ{OSXSUﬁ}(%+2-N-Xa-\/f>

where Fg 4 (x) =0 if x <0 and Fp 4 (x) =1 if x > o/t
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Impact of netting agreements in counterparty credit risk
Counterparty Credit Risk and Collateral Risk Calculation of the capital charge for counterparty credit risk
Calculation of CVA and DVA measures

Calculation of CVA and DVA measures

The positive exposure e™ (t) is the maximum between zero and the
mark-to-market value:

e’ (t) = max (0, MtM/(t))
= max (O, NaﬁX)
We have:
Fio. (x) = Pr {e+ (t) < X}

= Pr {max (O, NO‘\/EX) < X}
We notice that:

0 if X <0
max (O’ NUﬁX) B { No+/tX otherwise
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Impact of netting agreements in counterparty credit risk
Counterparty Credit Risk and Collateral Risk Calculation of the capital charge for counterparty credit risk
Calculation of CVA and DVA measures

Calculation of CVA and DVA measures

By assuming that x € [0, No+/t|, we deduce that:

Fog () = Pr{e"(8) <x X <0} +Prie’(t)<xX>0}

= Pr{0<xX<0}+Pr{NovixX <x,X >0}
11

= §+§Pr{NJﬁU§x}

1 1 X
— Z4IPrlU<
22 r{ —/va\/E}

where U is the standard uniform random variable. We finally obtain the
following expression:

1 X
F S
0. (X) 2 2No't
If x <0 or x> Nov/t, it is easy to show that Fpy ; (x) = 0 and

F[O,t] (X) = 1.
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Counterparty Credit Risk and Collateral Risk Calculation of the capital charge for counterparty credit risk
Calculation of CVA and DVA measures

Calculation of CVA and DVA measures

Deduce the value of the expected positive exposure EpE (t).
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Calculation of CVA and DVA measures

The expected positive exposure EpE (t) is defined as follows:
EpE (t) = E [e™ ()]

Using the expression of Fjy 4 (x), it follows that the density function of
e’ (t) is equal to:

0 F[O,t] (X)

0 X
1

2No+/t

f[O,t] (X) —
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Impact of netting agreements in counterparty credit risk
Counterparty Credit Risk and Collateral Risk Calculation of the capital charge for counterparty credit risk
Calculation of CVA and DVA measures

Calculation of CVA and DVA measures

We deduce that:

No+/t
EpE(t) = / xfio,q (x) dx
0
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Impact of netting agreements in counterparty credit risk
Counterparty Credit Risk and Collateral Risk Calculation of the capital charge for counterparty credit risk

Calculation of CVA and DVA measures

Calculation of CVA and DVA measures

We note R the fixed and constant recovery rate of Bank B. Give the
mathematical expression of the CVA.
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Impact of netting agreements in counterparty credit risk
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Calculation of CVA and DVA measures

By definition, we have:

CVA = (]. — RB) X /T — By (t) EpE(t) dSg (t)
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Calculation of CVA and DVA measures

By using the definition of the lower incomplete gamma function ~ (s, x),
show that the CVA is equal to:

N-(1-Rg)-o-v(3,28T)
4V As

when the default time of Bank B is exponential with parameter A\g and
interest rates are equal to zero.

CVA =
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Calculation of CVA and DVA measures

The interest rates are equal to zero meaning that By (t) = 1. Moreover,
we have Sg (t) = e~ 8. We deduce that:

T No+/t
4

Age Bt dt

CVA = (1—RB)></O

Nie (1 —R T
_ N\s(1-Rs)o / Jie et 4t
0

4

The definition of the incomplete gamma function is:

v(s,x):/ ts e tdt
0
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Calculation of CVA and DVA measures

By considering the change of variable y = Agt, we obtain:

T AgT
/ Vie 8tdt = / —e_y
0 V As

AT J
— 2—1 _y dy
AL /o

It follows that:
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Calculation of CVA and DVA measures

Comment on this result.
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Calculation of CVA and DVA measures

The CVA is proportional to the notional N of the OTC contract, the loss
given default (1 — Rp) of the counterparty and the volatility o of the
underlying asset. It is an increasing function of the maturity T because we
have v (2, A5 T2) > v (3,A5T1) when T, > Ti. If the maturity is not
very large (less than 10 years), the CVA is an increasing function of the
default intensity Ag.
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Calculation of CVA and DVA measures

The limit cases arell:

N(l1-R 3 \gT
im CVA = Iim ( 8)07(2 5 ):O
AB— 00 AB— 00 4\/)\8

and: ,
N(l—-—"R [ (2
lim CVA = ( 8) (2>

T — o0 4\/)\8

When the counterparty has a high default intensity, meaning that the
default is imminent, the CVA is equal to zero because the mark-to-market
value is close to zero. When the maturity is large, the CVA is a decreasing
function of the intensity Ag. Indeed, the probability to observe a large
mark-to-market in the future increases when the default time is very far
from the current date. We have illustrated these properties in Figure ??
with the following numerical values: N = $1 mn, Rg = 40% and

o = 30%.

1We have limyx— 00 v (5,x) = T (5).
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Calculation of CVA and DVA measures
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Figure: Evolution of the CVA with respect to maturity T and intensity \g
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Calculation of CVA and DVA measures

Question 6

By assuming that the default time of Bank A is exponential with parameter
Aa, deduce the value of the DVA without additional computations.
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Calculation of CVA and DVA measures

We notice that the mark-to-market is perfectly symmetric about 0. We
deduce that the expected negative exposure EnE (t) is equal to the
expected positive exposure EpE (t). It follows that the DVA is equal to:

N(1—Ra)oy(3,AaT)
4/ Aa

DVA =
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Copulas and Stochastic Dependence Modeling
The bivariate Pareto copula
Calculation of correlation bounds

The bivariate Pareto copula

Exercise

We consider the bivariate Pareto distribution:

01 +x1\ O +x\
F(xi,x) = 1—(—101 1) —(—292 2) +

where x; >0, xo >0, 6; >0, 0o >0 and a > 0.
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Copulas and Stochastic Dependence Modeling

The bivariate Pareto copula
Calculation of correlation bounds

The bivariate Pareto copula

Show that the marginal functions of F (x1, x2) correspond to univariate
Pareto distributions.
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Copulas and Stochastic Dependence Modeling
The bivariate Pareto copula
Calculation of correlation bounds

The bivariate Pareto copula

We have:

Fl (Xl) — Pr {Xl S Xl}
— Pr{X1 SXl,XQSOO}

= F(x1,0)

We deduce that:

0 - 0 -
Fi(q) = 1-— 1+ X1 (V2 n
01 02

We conclude that F; (and F;) is a Pareto distribution.
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Copulas and Stochastic Dependence Modeling

The bivariate Pareto copula
Calculation of correlation bounds

The bivariate Pareto copula

Find the copula function associated to the bivariate Pareto distribution.
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Copulas and Stochastic Dependence Modeling
The bivariate Pareto copula
Calculation of correlation bounds

The bivariate Pareto copula

We have:

It follows that:

We deduce that:
C(Ul,UQ) — 1—(].— Ul)—(l— U2)—|—
((1 —u) TV (1= )T - 1)

— w1+ ((1 )TV (1= w) Y 1)

—

—
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Copulas and Stochastic Dependence Modeling

The bivariate Pareto copula
Calculation of correlation bounds

The bivariate Pareto copula

Deduce the copula density function.
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Copulas and Stochastic Dependence Modeling
The bivariate Pareto copula
Calculation of correlation bounds

The bivariate Pareto copula

We have:

5’C (Ul, U2)
8U1

—a—1
- 1- ((1—u1) 1/O‘+(1—u2)—1/a—1) x
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Copulas and Stochastic Dependence Modeling
The bivariate Pareto copula
Calculation of correlation bounds

The bivariate Pareto copula

We deduce that the probability density function of the copula is:

c(un, 1) = 5’20(3“%;:’2)
= —(-a-1) ((1 — ) MY (1= )T 1) T
B <&Z 1) (A—w) ™V 4+ @ —w) 1) T
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Copulas and Stochastic Dependence Modeling
The bivariate Pareto copula
Calculation of correlation bounds

The bivariate Pareto copula

Another expression of ¢ (uy, up) is:

a—+1
Q

clnw) = () (@ w) (1w x

((1 — )" 4 (1= ) — (L= u) (1 - uQ)l/C“)_&_2

v
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Copulas and Stochastic Dependence Modeling

The bivariate Pareto copula
Calculation of correlation bounds

The bivariate Pareto copula

In this Figure, we have reported the density of the Pareto copula when « is
equal to 1 and 10.

Tail dependence

Upper
mmme | ower
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Copulas and Stochastic Dependence Modeling

The bivariate Pareto copula
Calculation of correlation bounds

The bivariate Pareto copula

Question 4

Show that the bivariate Pareto copula function has no lower tail
dependence, but an upper tail dependence.
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Copulas and Stochastic Dependence Modeling
The bivariate Pareto copula
Calculation of correlation bounds

The bivariate Pareto copula

We have:

- fim S0 u)
u—0+* u
_ 2 im 2C:Y)

u—07T 8U1

—a—1
=2 0im 1- ((1—w) ™ Q- V1) (-
u—0t
=2 i 1-1
ul$+( )
=0
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Copulas and Stochastic Dependence Modeling
The bivariate Pareto copula
Calculation of correlation bounds

The bivariate Pareto copula

We have:
AT = lim L —2u+C(uu)
u—1-— 1 — u
((1 L u)—]_/Oé _|_ (1 L u)—l/a o 1>_
= |im
u—1-— 1 —u
—  lim (1 1 (1 u)l/“)_
u—1-—
— 2«

The tail dependence coefficients A~ and A" are given with respect to the
parameter « in previous Figure. We deduce that the bivariate Pareto

copula function has no lower tail dependence (A~ = 0), but an upper tail
dependence (AT =279).
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Copulas and Stochastic Dependence Modeling

The bivariate Pareto copula
Calculation of correlation bounds

The bivariate Pareto copula

Do you think that the bivariate Pareto copula family can reach the copula
functions C—, C+ and C*? Justify your answer.
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Copulas and Stochastic Dependence Modeling
The bivariate Pareto copula
Calculation of correlation bounds

The bivariate Pareto copula

The bivariate Pareto copula family cannot reach C~ because A™ is never
equal to 1. We notice that:

lim AT =0
o—r 00
and
lim AT =1
a—0

This implies that the bivariate Pareto copula may reach C*+ and C™ for
these two limit cases: o — oo and o — 0. In fact, @ — 0 does not
correspond to the copula C* because A\~ is always equal to 0.
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Copulas and Stochastic Dependence Modeling

The bivariate Pareto copula
Calculation of correlation bounds

The bivariate Pareto copula

Question 6

Let X7 and X5 be two Pareto-distributed random variables, whose
parameters are (a1, 61) and (a2, 6).
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Copulas and Stochastic Dependence Modeling

The bivariate Pareto copula
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The bivariate Pareto copula

Question 6.a

Show that the linear correlation between X; and X5 is equal to 1 if and
only if the parameters a; and ay are equal.
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The bivariate Pareto copula

We note U; = F; (X1) and U, = F,(X,). X1 and X5 are comonotonic if
and only if:
U, = Uy

1_ 0> + Xo —042_1_ 01 + X3 o
0> B 01
O, + Xo\ 7 B 01 + X1\
6 N 01
b1 + X\
~ X2—92<<1_9|_ 1) —1)
1

We know that p (Xi, Xo) = 1 if and only if there is an increasing linear
relationship between X; and X,. This implies that:

We deduce that:

a1
-1
(87%)
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The bivariate Pareto copula

Question 6.b

Show that the linear correlation between X; and X5 can never reached the
lower bound —1.
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The bivariate Pareto copula

X1 and X, are countermonotonic if and only if:
U,=1- U

We deduce that:

It is not possible to obtain a decreasing linear function between X; and X.
This implies that p (X1, Xo) > —1.
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The bivariate Pareto copula

Build a new bivariate Pareto distribution by assuming that the marginal
distributions are P («1,601) and P (az, 6>) and the dependence is a
bivariate Pareto copula function with parameter a. What is the relevance
of this approach for building bivariate Pareto distributions?
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The bivariate Pareto copula

We have:

F'(xi,x) = C(Fi(x1),F2(x))
01 + xq o 0> + xo —
_ 1_(BTxa (2t x
( 01 ) ( 0> ) "
bt xa ™ (e
01 02

The traditional bivariate Pareto distribution F (xq, x2) is a special case of
F’ (x1,x2) when:

1 = 0 = X

Using F’ instead of F, we can control the tail dependence, but also the
univariate tail index of the two margins.
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Calculation of correlation bounds

Give the mathematical definition of the copula functions C—, C* and C™.
What is the probabilistic interpretation of these copulas?
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Calculation of correlation bounds

We have:
C (u1,u) = max(up+w—1,0)
ct (U1, U2) — U
C+ (U1,U2) =  min (Ul,UQ)

Let X7 and X5 be two random variables. We have:

(i) €(Xy,Xy) = C~ if and only if there exists a non-increasing function f
such that we have X5 = f (X1);

(il) C (X1, Xa) = CL if and only if X; and X, are independent;

(iif) C(X1, Xz) = CT if and only if there exists a non-decreasing function
f such that we have X; = f (Xy).
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Calculation of correlation bounds

We note 7 and LGD the default time and the loss given default of a
counterparty. We assume that 7 ~ £ () and LGD ~ Ujg y;.
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Calculation of correlation bounds

We note U; =1 — exp(—A7) and U, = LGD.
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Calculation of correlation bounds

Show that the dependence between 7 and LGD is maximum when the
following equality holds:

LGD4+e M —1=0
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Calculation of correlation bounds

The dependence between 7 and LGD is maximum when we have
C (r,LGD) = C*. Since we have U; = U,, we conclude that:

LGD+e * —1=0
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Calculation of correlation bounds

Show that the linear correlation p (7,LGD) verifies the following
inequality:
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Calculation of correlation bounds

We know that:
p(T,LGD) € [pmin (T,LGD) , pmax (1, LGD)]

where pmin (T, LGD) (resp. pmax (7, LGD)) is the linear correlation
corresponding to the copula C~ (resp. C1). It comes that:

E[T]:a(f):%
and:

E[LGD] = %

o (LGD) = %
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Calculation of correlation bounds

In the case C (7, LGD) = C~, we have U; =1 — U,. It follows that
LGD = e~ *7. We have:

E[rLGD] =E [re*7| = / te"MAe M dt

_ / —2)\t dt
0+

—2At 1 o)
] = / e—2)\t dt
2 0

1[ e—2)\t]
21 2x |,

We deduce that:
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Calculation of correlation bounds

In the case C (,LGD) = C*, we have LGD =1 — e=*". We have:

E[rLGD] =E[r(1—e )] = /Ooot(l—e_”))\e_”dt

— / tAe"\tdt—/ the 2 M dt
0 0

00 oC 1
_ At — At b
— ([ te™ ] +/0 e dt) o

et 1
— 04+ |= =
_ 3
4\

We deduce that:

e = (&-5)/ (1) -7

Thierry Roncalli Course 2023-2024 in Financial Risk Management 233 / 461




Copulas and Stochastic Dependence Modeling
The bivariate Pareto copula
Calculation of correlation bounds

Calculation of correlation bounds

We finally obtain the following result:

|5

|p{T,LGD)| <
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Calculation of correlation bounds

Comment on these results.
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Calculation of correlation bounds

We notice that |p (7, LGD)| is lower than 86.6%, implying that the
bounds —1 and +1 can not be reached.
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Calculation of correlation bounds

We consider two exponential default times 71 and 7, with parameters \;
and ).
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Calculation of correlation bounds

We assume that the dependence function between 71 and 75 is CT.
Demonstrate that the following relation is true:
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Calculation of correlation bounds

If the copula function of (71, 72) is the Fréchet upper bound copula, 74
and 7, are comonotone. We deduce that:

Uy =U,<—1- e MTL = 1 — g7 22

and:
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Calculation of correlation bounds

Question 3.b

Show that there exists a function f such that 7o = f (72) when the
dependence function is C™.
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Calculation of correlation bounds

We have U; =1 — Us. It follows that S; (1) =1 — S, (72). We deduce

that:
e—)\l‘rl — 1 — e—>\2’7'2
and: \
—In (1 — e™ 7272
(e
A1
There exists then a function f such that 71 = f (72) with:
Cin(1— e )
f(t)=
(2 -
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Calculation of correlation bounds

Show that the lower and upper bounds of the linear correlation satisfy the
following relationship:
—1<p(r1,72) <1
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Calculation of correlation bounds

Using Question 2(b), we known that p € [pmin, Pmax] Where pmin and pmax
are the correlations of (71, 72) when the copula function is respectively
C~ and C*. We also know that p =1 (resp. p = —1) if there exists a
linear and increasing (resp. decreasing) function f such that 71 = f (72).
When the copula is C*, we have f (t) = i—it and ' (t) = i—i > 0. As it is
a linear and increasing function, we deduce that pmax = 1. When the
copula is C~, we have:

—In (1 — e_>‘2t)
A1

f(t)=

and: " "
Aoe 2t n (1 — e 7
f(t) = —22 ( ) <0
)\1 (]. — e—Aﬂ)
The function f (t) is decreasing, but it is not linear. We deduce that
Pmin 7 —1 and:
—1<p<1
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Calculation of correlation bounds

In the more general case, show that the linear correlation of a random
vector (X1, X2) can not be equal to —1 if the support of the random
variables X7 and X; is [0, +o0].
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Calculation of correlation bounds

When the copula is C~, we know that there exists a decreasing function f
such that X, = f (X1). We also know that the linear correlation reaches
the lower bound —1 if the function f is linear:

Xo = a+ bX;
This implies that b < 0. When Xj takes the value 400, we obtain:
X2 = a -+ b X oo

As the lower bound of X5 is equal to zero 0, we deduce that a = +o0.
This means that the function f (x) = a + bx does not exist. We conclude
that the lower bound p = —1 can not be reached.
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Calculation of correlation bounds

We assume that (X1, X>) is a Gaussian random vector where
X1 ~N (,ul,af), Xo ~ N (,ug,cr%) and p is the linear correlation between
X; and X5. We note 0 = (u1, 01, 2, 02, p) the set of parameters.
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Calculation of correlation bounds

Question 4.a
Find the probability distribution of X7 + Xo.
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Calculation of correlation bounds

X1+ X5 is a Gaussian random variable because it is a linear combination of
the Gaussian random vector (X1, X2). We have:

E[X1 + Xo] = p1 + 2

and:
var (X1 + Xa) = 0% + 2poi0m + 0%

We deduce that:

X1+ Xo ~ N (,ul + Lo, 0% + 2poi105 + ag)
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Calculation of correlation bounds

Then show that the covariance between Y; = e and Y, = e* is equal to:

cov (Y1, Yo) = ett391 gh2+303 (eP172 — 1)
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Calculation of correlation bounds

We have:

COV(Yl, Yz) = E [Yl Y2] — E[YQ]E [YQ]
= K [eX1—|—X2] —E[Y2]E[Y2]

We know that e®1t%2 is a lognormal random variable. We deduce that:
Xy +X 1
E [e ! 2] = exp | E[X1 + X5] + 5 var (X1 + X2)

1
= exp (,ul + U2 + 5 (0% + 2p0105 + O'%))

2 2
. pM1t307 ghot 305 gpo102
We finally obtain:

COV (Y17 YZ) — em—i—%afeuz—kéag (ep0102 _ 1)
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Calculation of correlation bounds

Question 4.c

Deduce the correlation between Y7 and Y5.
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Calculation of correlation bounds

We have:

em—k%fff e,u2+%0§ (ep0102 _ ]_)

\/82“1"“7% (eaf _ 1) \/e2u2—|—0§ (eag _ 1)

epal o2 __ 1

Vet —1ve% — 1

/0<Y17 Y2> —
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Calculation of correlation bounds

Question 4.d

For which values of 6 does the equality p (Y1, Y2) = +1 hold? Same
question when p (Y7, Y2) = —1.
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Calculation of correlation bounds

p (Y1, Y2) is an increasing function with respect to p. We deduce that:
p{Y,Y2)=1<= p=1and 01 = 0>

The lower bound of p (Y1, Y2) is reached if p is equal to —1. In this case,

we have:
e 9192 _ 1

— >
\/e"%—l\/eag—l

It follows that p (Y7, Ya) # —1.

:0<Y17 Y2> —1
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Calculation of correlation bounds

We consider the bivariate Black-Scholes model:

{ dS; (t) = p1 Sy (t) dt + 0151 (t) AW (t)
dS, (t) = 1S (t) dt + 025 (t) d W5, (t)

with E [W (t) WA (t)] = pt. Deduce the linear correlation between Sy (t)
and S, (t). Find the limit case lim; .. p (51 (t), S2 (t)).
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Calculation of correlation bounds

It is obvious that:

ep0'10'2t L 1
Veoit — 11/e%t — 1

In the case 01 = 05 and p = 1, we have p (51 (t), S (t)) = 1. Otherwise,
we obtain:

p(S1(t),32(t))

lim p(S1(t),52(t)) =0
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Calculation of correlation bounds

Question 4.f

Comment on these results.
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Calculation of correlation bounds

In the case of lognormal random variables, the linear correlation does not
necessarily range between —1 and +1.
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Extreme value theory in the bivariate case

What is an extreme value (EV) copula C?
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Extreme value theory in the bivariate case

An extreme value copula C satisfies the following relationship:
C (uf, u5) = C* (uy, u2)

for all t > 0.
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Extreme value theory in the bivariate case

Show that C+ and C* are EV copulas. Why C~ can not be an EV copula?
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Extreme value theory in the bivariate case

The product copula C* is an EV copula because we have:
C (v, u3) = uiu
= (nu)'
t
= [C* (u1, w)]
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Extreme value theory in the bivariate case

For the copula C*, we obtain:

Cct (uf, ué) min (uf, ué)

. U{ If up S u»
us  otherwise

= (min (u1, u2))t
— [C+ (ul, Uz)}t
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Extreme value theory in the bivariate case

However, the EV property does not hold for the Fréchet lower bound
copula C™:

C™ (uf,u}) = max (u + uj — 1,0) # max (ug + up — 1,0)"
Indeed, we have C~ (0.5,0.8) = max(0.5+ 0.8 —1,0) = 0.3 and:

C (0.5°,0.8°) = max(0.25+ 0.64 — 1,0)
= 0
£ 0.3°
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Extreme value theory in the bivariate case

We define the Gumbel-Hougaard copula as follows:

C (u1, u2) = exp (_ [(_ inu)? + (= In u2)9]1/9>

with 6 > 1. Verify that it is an EV copula.
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Extreme value theory in the bivariate case

We have:
C (uf, ug) = exp

(—inu)’ + (~ i)’ ”9)

(-
= exp( :( thnu)’ + (- tlnuz)}1/0>
(I

= exp

—In u1)9 + (—In U2)9i| 1/9)

— (e—[(—'““1)9+(—'"”2)9]1/9)t

= Ct (Ul, U2)
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Extreme value theory in the bivariate case

Question 4

What is the definition of the upper tail dependence A? What is its
usefulness in multivariate extreme value theory?
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Extreme value theory in the bivariate case

The upper tail dependence A is defined as follows:

= lim 1—2U—|—C(U1,U2)

u—1+ 1 —u

It measures the probability to have an extreme in one direction knowing
that we have already an extreme in the other direction. If A is equal to O,
extremes are independent and the EV copula is the product copula C+. If
A Is equal to 1, extremes are comonotonic and the EV copula is the
Fréchet upper bound copula C*. Moreover, the upper tail dependence of
the copula between the random variables is equal to the upper tail
dependence of the copula between the extremes.
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Extreme value theory in the bivariate case

Let f (x) and g (x) be two functions such that
lim,_,x, F (x) = limx_,, g(x) =0. If g’ (x0) # 0, L'Hospital's rule states

that: : p
lim ﬁ = |im ﬁ
o g (x) o g (x)

Deduce that the upper tail dependence A of the Gumbel-Hougaard copula
is 2 — 21/¢  What is the correlation of two extremes when 6 = 17
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Extreme value theory in the bivariate case

Using L'Hospital's rule, we have:

1 —2u 4 e~ [=m)+(=nw)’]”*

A = |lim
u—1+ 1 —u
1 —2u+ e_[2(_ In “)9]1/9
= |im
u—1+ 1—u
_ 1 —2u+ uzl/e
= |im
u—1+ 1—u
0—2+ 21/9u21/9—1
= |im
u—1+ —1

— im 2 — 2l/0,2V"-1

u—1+t

— 2 2l/¢

Thierry Roncalli
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Extreme value theory in the bivariate case

If 6 is equal to 1, we obtain A = 0. It comes that the EV copula is the
product copula. Extremes are then not correlated. This result is not
surprising because the Gumbel-Houggard copula is equal to the product

copula when 6 = 1:

e—[(— In u)'+(— In uz)l] — Uil = CJ_ (Ula U2)
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Extreme value theory in the bivariate case

We define the Marshall-Olkin copula as follows:
C(u, up) = uy " w3~ % min (ufl, u§2>

with {61,6-} € [0,1]".
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Extreme value theory in the bivariate case

Question 6.a

Verity that it is an EV copula.
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Extreme value theory in the bivariate case

We have:

to )y — A0 t(1-02) . toy | t0
C(uf,u5) = u Uy min (u; b, uy?

t
1— 92 . 91 92
") (%) (min (7))
u =% min (0%, uf '
>’min (ull, uzz))

1—
1
(ula U2)

o
B

Thierry Roncalli Course 2023-2024 in Financial Risk Management 274 / 461



Extreme Value Theory Extreme value theory in the bivariate case
Maximum domain of attraction in the bivariate case

Extreme value theory in the bivariate case

Question 6.b

Find the upper tail dependence A of the Marshall-Olkin copula.
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Extreme value theory in the bivariate case

If 8; > 6>, we obtain:

1—2u+ vt~y =% min (v, u%)

A = |im
u—1+ 1 —u
' 1 —2u+ ut—Oryt—02y0
= Im
u—1+ 1 —u
_ 1 —2u+ 2t
= |im
u—1+ 1 —u
_ im O—2—|—(2—92) ul—0
u—1+ —1
= lim 2—2u""% 4 gu' %
u—1+
— 92

If 6, > 61, we have A\ = 6;. We deduce that the upper tail dependence of
the Marshall-Olkin copula is min (61, 65).
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Extreme value theory in the bivariate case

Question 6.c

What is the correlation of two extremes when min (61,60,) = 07
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Extreme value theory in the bivariate case

If 61 =0 or 6, = 0, we obtain A = 0. It comes that the copula of the
extremes is the product copula. Extremes are then not correlated.

Thierry Roncalli Course 2023-2024 in Financial Risk Management 278 / 461




Extreme Value Theory Extreme value theory in the bivariate case
Maximum domain of attraction in the bivariate case

Extreme value theory in the bivariate case

Question 6.d

In which case are two extremes perfectly correlated?

Thierry Roncalli Course 2023-2024 in Financial Risk Management 279 / 461



Extreme Value Theory Extreme value theory in the bivariate case
Maximum domain of attraction in the bivariate case

Extreme value theory in the bivariate case

Two extremes are perfectly correlated when we have 61 = 6, = 1. In this
case, we obtain:

C (Ul, U2) — min (Ul, U2) = C+ (Ul, U2)
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Extreme Value Theory Extreme value theory in the bivariate case
Maximum domain of attraction in the bivariate case

Maximum domain of attraction in the bivariate case

We consider the following distributions of probability:
Distribution F(x)
Exponential & () 1 — e~
Uniform Upo 11 X
Pareto P(a,0) 1— (&)

Thierry Roncalli Course 2023-2024 in Financial Risk Management 281 / 461



Extreme Value Theory Extreme value theory in the bivariate case
Maximum domain of attraction in the bivariate case

Maximum domain of attraction in the bivariate case

For each distribution, we give the normalization parameters a, and b, of
the Fisher-Tippet theorem and the corresponding limit distribution
distribution G (x):

Distribution an b, G (x)
Exponential A\~! A tinn A(x)=e"¢"

Uniform n—! 1—n!  Wy(x—1)=e!

Pareto b~ tn/*  Gnt/e—9 o, (1 + g) — e (12) "

We note G (x1, x2) the asymptotic distribution of the bivariate random
vector (X1 p:n, X2,mn) Where Xy ; (resp. X3 ;) are iid random variables.
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Extreme Value Theory Extreme value theory in the bivariate case
Maximum domain of attraction in the bivariate case

Maximum domain of attraction in the bivariate case

Let (X1, X2) be a bivariate random variable whose probability distribution

is:
F(x1,x2) = Cix, %) (F1(x1),F2(x2))

We know that the corresponding EV probability distribution is:
G (x1,x2) = Cix, x,y (G1(x1), G2 (x2))

where G; and G» are the two univariate EV probability distributions and

Cix, xy) s the EV copula associated to C(x, x,)-
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Extreme Value Theory Extreme value theory in the bivariate case
Maximum domain of attraction in the bivariate case

Maximum domain of attraction in the bivariate case

Question 1.a

What is the expression of G (x1, x2) when Xj ; and X, ; are independent,
Xl,,' ~ & ()\) and X2’,' ~ U[O,l]?
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Extreme Value Theory Extreme value theory in the bivariate case
Maximum domain of attraction in the bivariate case

Maximum domain of attraction in the bivariate case

We deduce that:

G(x1,x) = C"(Gi(x),G2(x))
= A (Xl) llll (X2 — 1)
= exp(—e M +x—1)
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Extreme Value Theory Extreme value theory in the bivariate case

Maximum domain of attraction in the bivariate case

Maximum domain of attraction in the bivariate case

Question 1.b

Same question when X; ; ~ E(A) and X5; ~ P (0, «).
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Extreme Value Theory Extreme value theory in the bivariate case
Maximum domain of attraction in the bivariate case

Maximum domain of attraction in the bivariate case

We have:

G(xi,0) = A(xi)®a (1 + Q)
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Extreme Value Theory Extreme value theory in the bivariate case
Maximum domain of attraction in the bivariate case

Maximum domain of attraction in the bivariate case

Same question when Xi ; ~ Ujp 1) and X5 ; ~ P (0, ).
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Extreme Value Theory Extreme value theory in the bivariate case
Maximum domain of attraction in the bivariate case

Maximum domain of attraction in the bivariate case

We have:

G(xi, %) = W, (x—1)o, (1+§)

0%

= exp(xl—l—(l—FQ)_ )
Q
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Extreme Value Theory Extreme value theory in the bivariate case
Maximum domain of attraction in the bivariate case

Maximum domain of attraction in the bivariate case

What becomes the previous results when the dependence function between
Xi,i and X ; is the Normal copula with parameter p < 17
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Extreme Value Theory Extreme value theory in the bivariate case
Maximum domain of attraction in the bivariate case

Maximum domain of attraction in the bivariate case

We know that the upper tail dependence is equal to zero for the Normal
copula when p < 1. We deduce that the EV copula is the product copula.
We then obtain the same results as previously.
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Extreme Value Theory Extreme value theory in the bivariate case
Maximum domain of attraction in the bivariate case

Maximum domain of attraction in the bivariate case

Same question when the parameter of the Normal copula is equal to one.
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Extreme Value Theory Extreme value theory in the bivariate case
Maximum domain of attraction in the bivariate case

Maximum domain of attraction in the bivariate case

When the parameter p is equal to 1, the Normal copula is the Frchet upper
bound copula C*, which is an EV copula. We deduce the following results:

G (X1,X2) = min (/\ (Xl) , llll (X2 — 1))
= min (exp (—e ™) ,exp (x» — 1)) (a)

G (x1, x2) = min (l\(xl) d,, (1+ ))

— min (exp (—e™) , exp (— (1 + %>_a>> (b)

G (x1, Xx2) = min (llll (x1 — 1), @, (1 n %))

— min (exp (xp — 1), exp <— (1+ %)”)) (c)
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Extreme Value Theory Extreme value theory in the bivariate case
Maximum domain of attraction in the bivariate case

Maximum domain of attraction in the bivariate case

Question 4

Find the expression of G (x1, x2) when the dependence function is the
Gumbel-Hougaard copula.
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Extreme Value Theory Extreme value theory in the bivariate case
Maximum domain of attraction in the bivariate case

Maximum domain of attraction in the bivariate case

In the previous exercise, we have shown that the Gumbel-Houggard copula
is an EV copula.
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Extreme Value Theory Extreme value theory in the bivariate case
Maximum domain of attraction in the bivariate case

Maximum domain of attraction in the bivariate case

We deduce that:

G (Xl,XQ) —_— e_[(— In A(x1))?+(— In wl(Xz_l))e]l/G

— exp (— [e—9X1 (1 xz)ﬂ Y 9) (a)

G (x1,x2) = [ AG)) +(— e (142))°]

— exp ( [e—9X1 + (1 + %)_M] 1/@) (b)

G(x1,x) = e‘[(—ln Wi (xa—1))°+(—In ¢a(1+%))9]1/0

— exp ( [(1 —x)’+ (1+ %)_O‘@] 1/9) (c)
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Simulation of the bivariate Normal copula

Monte Carlo Simulation Methods

Simulation of the bivariate Normal copula

Let X = (X1, Xy) be a standard Gaussian vector with correlation p. We
note U; = & (Xl) and U, = ¢(X2)
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Monte Carlo Simulation Methods Simulation of the bivariate Normal copula

Simulation of the bivariate Normal copula

We note 2 the matrix defined as follows:

==, 1)

Calculate the Cholesky decomposition of 2. Deduce an algorithm to
simulate X.
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Monte Carlo Simulation Methods Simulation of the bivariate Normal copula

Simulation of the bivariate Normal copula

P is a lower triangular matrix such that we have ¥ = PP'. We know that:

( 1 0 2 )
0 1—p
We verify that:

10 1 )
T _
S (p 1—p2>(0 1—p2>
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Monte Carlo Simulation Methods Simulation of the bivariate Normal copula

Simulation of the bivariate Normal copula

We deduce that:

X1\ (1 0 N,

X2 ) \»p 1 — p? N,
where Ny and N, are two independent standardized Gaussian random
variables. Let ny and n, be two independent random variates, whose

probability distribution is A/ (0,1). Using the Cholesky decomposition, we
deduce that can simulate X in the following way:

X1 <— M
Xp <— pny + \/1—p2n2
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Simulation of the bivariate Normal copula

Monte Carlo Simulation Methods

Simulation of the bivariate Normal copula

Show that the copula of (X1, X3) is the same that the copula of the
random vector (Ui, U>).
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Monte Carlo Simulation Methods Simulation of the bivariate Normal copula

Simulation of the bivariate Normal copula

We have

C (X1, X2) = C(®(X1),® (X))
= C (U, Us)

because the function ® (x) is non-decreasing. The copula of U = (U, Us)
is then the copula of X = (X1, X2).
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Simulation of the bivariate Normal copula

Monte Carlo Simulation Methods

Simulation of the bivariate Normal copula

Deduce an algorithm to simulate the Normal copula with parameter p.
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Monte Carlo Simulation Methods Simulation of the bivariate Normal copula

Simulation of the bivariate Normal copula

We deduce that we can simulate U with the following algorithm:

u <— P (x) =d(m)
{ up < P (x2) =@ (pnl + ﬂfQ)
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Monte Carlo Simulation Methods Simulation of the bivariate Normal copula

Simulation of the bivariate Normal copula

Calculate the conditional distribution of X5 knowing that X; = x. Then
show that:

Dy, (x1, X0, p) = /Xl 0 ( X2 — PX > ¢ (x) dx

5o ]_—p2
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Monte Carlo Simulation Methods Simulation of the bivariate Normal copula

Simulation of the bivariate Normal copula

Let X3 be a Gaussian random variable, which is independent from X; and
X>. Using the Cholesky decomposition, we know that:

Xo = pXi+ /1 — p2X3

It follows that:

Pr{X2§X2‘X]_ :X} = Pr{le—l—\/].—,O2X3§X2‘X1 :X}

— Prix;< 2%
V1 — p?

Thierry Roncalli Course 2023-2024 in Financial Risk Management 306 / 461



Monte Carlo Simulation Methods Simulation of the bivariate Normal copula

Simulation of the bivariate Normal copula

Then we deduce that:

Dy (x1,x0;p) = Pr{Xi <x, X < x}
— X
= PF{X1§X1,X3§X2 p1}
1 — p?
— pX
— E|Pr{ X <x,X < 222 x
1 — p?

= : 2 PX x) dx
; /ooq)<\/1—,02>¢( ) d
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Simulation of the bivariate Normal copula

Monte Carlo Simulation Methods

Simulation of the bivariate Normal copula

Deduce an expression of the Normal copula.
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Monte Carlo Simulation Methods Simulation of the bivariate Normal copula

Simulation of the bivariate Normal copula

Using the relationships u; = ® (x1), ux = ® (x2) and
Dy (x1,x0;p) = C(P (x1), P (x2); p), we obtain:

¢_1(u1) -1 ) — px
C(ui,un;p) = /_ Cl><¢ \/(1_)7,02'0 >¢(X) dx

[ [T (k) = pd T (v) y
B /0 ¢< V1 — p? )d
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Simulation of the bivariate Normal copula

Monte Carlo Simulation Methods

Simulation of the bivariate Normal copula

Question 6

Calculate the conditional copula function Cy;. Deduce an algorithm to
simulate the Normal copula with parameter p.
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Monte Carlo Simulation Methods Simulation of the bivariate Normal copula

Simulation of the bivariate Normal copula

We have:

Cop (w2 |u1) = 0y C(ur, )

o <¢1 (12) = p&~" (u1)>
V1 — p?

Let v; and v» be two independent uniform random variates. The
simulation algorithm corresponds to the following steps:

uiy =wv
C2|1 (U1, o) = vo

We deduce that:

Uy < vy
{ U — b (pcp—l (v1) + /1 — 21 (v2))
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Simulation of the bivariate Normal copula

Monte Carlo Simulation Methods

Simulation of the bivariate Normal copula

Show that this algorithm is equivalent to the Cholesky algorithm found in
Question 3.
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Monte Carlo Simulation Methods Simulation of the bivariate Normal copula

Simulation of the bivariate Normal copula

We obtain the same algorithm, because we have the following

correspondence:
Vi = P (nl)
Vo = ) (n2)

The algorithm described in Question 6 is then a special case of the
Cholesky algorithm if we take n; = @1 (v;) and n, = &1 (). Whereas
n1 and ny are directly simulated in the Cholesky algorithm with a Gaussian

random generator, they are simulated using the inverse transform in the
conditional distribution method.
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Construction of a stress scenario with the GEV distribution

Stress Testing and Scenario Analysis

Construction of a stress scenario with the GEV distribution

We note a,, and b, the normalization constraints and G the limit
distribution of the Fisher-Tippet theorem.
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Construction of a stress scenario with the GEV distribution

Stress Testing and Scenario Analysis

Construction of a stress scenario with the GEV distribution

We recall that:

Xn'n — Mn
Pr { : b < x} = Pr{Xpn < apx+ bp}
= F"(a,x + bp)

and:
G(x) = lim F"(a,x + bp)

n— o0

Thierry Roncalli Course 2023-2024 in Financial Risk Management 315 / 461



Construction of a stress scenario with the GEV distribution

Stress Testing and Scenario Analysis

Construction of a stress scenario with the GEV distribution

Question 1.a
Find the limit distribution G when X ~ £()\), a,=A"tand b, = XA"1Inn.
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Construction of a stress scenario with the GEV distribution

Stress Testing and Scenario Analysis

Construction of a stress scenario with the GEV distribution

We have:
ot b = (1 (e ton)
1 n
- ()
n
We deduce that:
G(x)=li ] Lex T Y
(><)—nl>mC>O - e = e = N\ (x)
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Construction of a stress scenario with the GEV distribution

Stress Testing and Scenario Analysis

Construction of a stress scenario with the GEV distribution

Question 1.b

Same question when X ~ Ug 1], an = n~!and b,=1—-n""1
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Construction of a stress scenario with the GEV distribution

Stress Testing and Scenario Analysis

Construction of a stress scenario with the GEV distribution

We have:

F" (apx + b,) = (n_lx +1-— n_l)n

N

G(x) = lim <1+%(x—1))n:ex—1:w1(x—1)

n—-0o0

We deduce that:
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Construction of a stress scenario with the GEV distribution

Stress Testing and Scenario Analysis

Construction of a stress scenario with the GEV distribution

Same question when X is a Pareto distribution:

F(x)=1— (9;X>_a,

a, = 0a~tn'/ and b, = Ont/> — 9.
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Construction of a stress scenario with the GEV distribution

Stress Testing and Scenario Analysis

Construction of a stress scenario with the GEV distribution

We have:

0 “\"
F" n bn — 1—
(anx - bn) ( (9 +0a—1nl/ox + nl/o — 9) )

— 1 1 “\"
- -\ aq—1pl/ax 4+ pl/a
(1 1 (1 + f)_a)

n o

We deduce that:

G(x) = lim (1 1 (1 + 5)_a>n — o (+2) " — o, (1 n i)

n— 0o n
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Construction of a stress scenario with the GEV distribution

Stress Testing and Scenario Analysis

Construction of a stress scenario with the GEV distribution

We denote by G the GEV probability distribution:

c(x)zeXp{ [Hg(X;M)]w}

What is the interest of this probability distribution? Write the
log-likelihood function associated to the sample {xi,...,x7}.
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Construction of a stress scenario with the GEV distribution

Stress Testing and Scenario Analysis

Construction of a stress scenario with the GEV distribution

The GEV distribution encompasses the three EV probability distributions.
This is an interesting property, because we have not to choose between the
three EV distributions. We have:

-2 o) el el )

We deduce that:

I SN EE AR =i\
¢ = —Zlno ( : )_lln(Hf( - ))

I

[ (5]

=1
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Construction of a stress scenario with the GEV distribution

Stress Testing and Scenario Analysis

Construction of a stress scenario with the GEV distribution

Show that for & — 0, the distribution G tends toward the Gumbel

distribution:
e )
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Construction of a stress scenario with the GEV distribution

Stress Testing and Scenario Analysis

Construction of a stress scenario with the GEV distribution

We notice that:
lim (1 + &x) Y8 = e
£—0

Then we obtain:

- 1-1/€)
lim G (x) = Iimexp{— 1+§(X_'u> .

£—0 £—0

— X_/jj __1/5\
= expg — lim 1—|—§< ) >
£—0 i o |

- en{-on(- (7))
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Construction of a stress scenario with the GEV distribution

Stress Testing and Scenario Analysis

Construction of a stress scenario with the GEV distribution

We consider the minimum value of daily returns of a portfolio for a period
of n trading days. We then estimate the GEV parameters associated to the
sample of the opposite of the minimum values. We assume that £ is equal
to 1.
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Construction of a stress scenario with the GEV distribution

Stress Testing and Scenario Analysis

Construction of a stress scenario with the GEV distribution

Show that we can approximate the portfolio loss (in %) associated to the
return period T with the following expression:

r(T):—(ﬁJr (%—1) 6)

where ji and ¢ are the ML estimates of GEV parameters.
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Construction of a stress scenario with the GEV distribution

Stress Testing and Scenario Analysis

Construction of a stress scenario with the GEV distribution

We have:
G l(a)=p—ott [1 —(—1In a)—g]

When the parameter £ is equal to 1, we obtain:
Glla)=p—o (1 —(—1In a)_l)

By definition, we have 7 = (1 — a)_l n. The return period 7 is then
associate to the confidence level « =1 — n/T. We deduce that:

R(T) =~ —G71(1-n/t)

= —(n—o(1-(=ma-n7N™))

Q

We then replace i1 and o by their ML estimates /i and &.
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Construction of a stress scenario with the GEV distribution

Stress Testing and Scenario Analysis

Construction of a stress scenario with the GEV distribution

We set n equal to 21 trading days. We obtain the following results for two
portfolios:

Portfolio {1 o &
#1 1% 3% 1
#2 10% 2% 1

Calculate the stress scenario for each portfolio when the return period is
equal to one year. Comment on these results.
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Construction of a stress scenario with the GEV distribution

Stress Testing and Scenario Analysis

Construction of a stress scenario with the GEV distribution

For Portfolio #1, we obtain:

R(LY) = — (1% + (% -~ 1) x 3%) — —34%

For Portfolio #2, the stress scenario is equal to:

R(1Y) = — (10% + (% - 1) x 2%) — —32%

We conclude that Portfolio #1 is more risky than Portfolio #2 if we
consider a stress scenario analysis.
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Copulas and Stochastic Dependence Modeling
The bivariate Pareto copula
Calculation of correlation bounds

The bivariate Pareto copula

Exercise

We consider the bivariate Pareto distribution:

01 +x1\ O +x\
F(xi,x) = 1—(—101 1) —(—292 2) +

where x; >0, xo >0, 6; >0, 0o >0 and a > 0.
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Copulas and Stochastic Dependence Modeling

The bivariate Pareto copula
Calculation of correlation bounds

The bivariate Pareto copula

Show that the marginal functions of F (x1, x2) correspond to univariate
Pareto distributions.

Thierry Roncalli Course 2023-2024 in Financial Risk Management 334 / 461



Copulas and Stochastic Dependence Modeling
The bivariate Pareto copula
Calculation of correlation bounds

The bivariate Pareto copula

We have:

Fl (Xl) — Pr {Xl S Xl}
— Pr{X1 SXl,XQSOO}

= F(x1,0)

We deduce that:

0 - 0 -
Fi(q) = 1-— 1+ X1 (V2 n
01 02

We conclude that F; (and F;) is a Pareto distribution.
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Copulas and Stochastic Dependence Modeling

The bivariate Pareto copula
Calculation of correlation bounds

The bivariate Pareto copula

Find the copula function associated to the bivariate Pareto distribution.
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Copulas and Stochastic Dependence Modeling
The bivariate Pareto copula
Calculation of correlation bounds

The bivariate Pareto copula

We have:

It follows that:

We deduce that:
C(Ul,UQ) — 1—(].— Ul)—(l— U2)—|—
((1 —u) TV (1= )T - 1)

— w1+ ((1 )TV (1= w) Y 1)

—

—
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Copulas and Stochastic Dependence Modeling

The bivariate Pareto copula
Calculation of correlation bounds

The bivariate Pareto copula

Deduce the copula density function.
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Copulas and Stochastic Dependence Modeling
The bivariate Pareto copula
Calculation of correlation bounds

The bivariate Pareto copula

We have:

5’C (Ul, U2)
8U1

—a—1
- 1- ((1—u1) 1/O‘+(1—u2)—1/a—1) x
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Copulas and Stochastic Dependence Modeling
The bivariate Pareto copula
Calculation of correlation bounds

The bivariate Pareto copula

We deduce that the probability density function of the copula is:

c(un, 1) = 5’20(3“%;:’2)
= —(-a-1) ((1 — ) MY (1= )T 1) T
B <&Z 1) (A—w) ™V 4+ @ —w) 1) T
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Copulas and Stochastic Dependence Modeling
The bivariate Pareto copula
Calculation of correlation bounds

The bivariate Pareto copula

Another expression of ¢ (uy, up) is:

a—+1
Q

clnw) = () (@ w) (1w x

((1 — )" 4 (1= ) — (L= u) (1 - uQ)l/C“)_&_2

v
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Copulas and Stochastic Dependence Modeling

The bivariate Pareto copula
Calculation of correlation bounds

The bivariate Pareto copula

In this Figure, we have reported the density of the Pareto copula when « is
equal to 1 and 10.

Tail dependence

Upper
mmme | ower
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Copulas and Stochastic Dependence Modeling

The bivariate Pareto copula
Calculation of correlation bounds

The bivariate Pareto copula

Question 4

Show that the bivariate Pareto copula function has no lower tail
dependence, but an upper tail dependence.
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Copulas and Stochastic Dependence Modeling
The bivariate Pareto copula
Calculation of correlation bounds

The bivariate Pareto copula

We have:

- fim S0 u)
u—0+* u
_ 2 im 2C:Y)

u—07T 8U1

—a—1
=2 0im 1- ((1—w) ™ Q- V1) (-
u—0t
=2 i 1-1
ul$+( )
=0
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Copulas and Stochastic Dependence Modeling
The bivariate Pareto copula
Calculation of correlation bounds

The bivariate Pareto copula

We have:
AT = lim L —2u+C(uu)
u—1-— 1 — u
((1 L u)—]_/Oé _|_ (1 L u)—l/a o 1>_
= |im
u—1-— 1 —u
—  lim (1 1 (1 u)l/“)_
u—1-—
— 2«

The tail dependence coefficients A~ and A" are given with respect to the
parameter « in previous Figure. We deduce that the bivariate Pareto

copula function has no lower tail dependence (A~ = 0), but an upper tail
dependence (AT =279).
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The bivariate Pareto copula

Do you think that the bivariate Pareto copula family can reach the copula
functions C—, C+ and C*? Justify your answer.
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The bivariate Pareto copula

The bivariate Pareto copula family cannot reach C~ because A™ is never
equal to 1. We notice that:

lim AT =0
o—r 00
and
lim AT =1
a—0

This implies that the bivariate Pareto copula may reach C*+ and C™ for
these two limit cases: o — oo and o — 0. In fact, @ — 0 does not
correspond to the copula C* because A\~ is always equal to 0.
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The bivariate Pareto copula

Question 6

Let X7 and X5 be two Pareto-distributed random variables, whose
parameters are (a1, 61) and (a2, 6).

Thierry Roncalli Course 2023-2024 in Financial Risk Management 348 / 461



Copulas and Stochastic Dependence Modeling

The bivariate Pareto copula
Calculation of correlation bounds

The bivariate Pareto copula

Question 6.a

Show that the linear correlation between X; and X5 is equal to 1 if and
only if the parameters a; and ay are equal.
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The bivariate Pareto copula

We note U; = F; (X1) and U, = F,(X,). X1 and X5 are comonotonic if
and only if:
U, = Uy

1_ 0> + Xo —042_1_ 01 + X3 o
0> B 01
O, + Xo\ 7 B 01 + X1\
6 N 01
b1 + X\
~ X2—92<<1_9|_ 1) —1)
1

We know that p (Xi, Xo) = 1 if and only if there is an increasing linear
relationship between X; and X,. This implies that:

We deduce that:

a1
-1
(87%)
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The bivariate Pareto copula

Question 6.b

Show that the linear correlation between X; and X5 can never reached the
lower bound —1.
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The bivariate Pareto copula

X1 and X, are countermonotonic if and only if:
U,=1- U

We deduce that:

It is not possible to obtain a decreasing linear function between X; and X.
This implies that p (X1, Xo) > —1.
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The bivariate Pareto copula

Build a new bivariate Pareto distribution by assuming that the marginal
distributions are P («1,601) and P (az, 6>) and the dependence is a
bivariate Pareto copula function with parameter a. What is the relevance
of this approach for building bivariate Pareto distributions?
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The bivariate Pareto copula

We have:

F'(xi,x) = C(Fi(x1),F2(x))
01 + xq o 0> + xo —
_ 1_(BTxa (2t x
( 01 ) ( 0> ) "
bt xa ™ (e
01 02

The traditional bivariate Pareto distribution F (xq, x2) is a special case of
F’ (x1,x2) when:

1 = 0 = X

Using F’ instead of F, we can control the tail dependence, but also the
univariate tail index of the two margins.
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Calculation of correlation bounds

Give the mathematical definition of the copula functions C—, C* and C™.
What is the probabilistic interpretation of these copulas?
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Calculation of correlation bounds

We have:
C (u1,u) = max(up+w—1,0)
ct (U1, U2) — U
C+ (U1,U2) =  min (Ul,UQ)

Let X7 and X5 be two random variables. We have:

(i) €(Xy,Xy) = C~ if and only if there exists a non-increasing function f
such that we have X5 = f (X1);

(il) C (X1, Xa) = CL if and only if X; and X, are independent;

(iif) C(X1, Xz) = CT if and only if there exists a non-decreasing function
f such that we have X; = f (Xy).
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Calculation of correlation bounds

We note 7 and LGD the default time and the loss given default of a
counterparty. We assume that 7 ~ £ () and LGD ~ Ujg y;.
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Calculation of correlation bounds

We note U; =1 — exp(—A7) and U, = LGD.
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Calculation of correlation bounds

Show that the dependence between 7 and LGD is maximum when the
following equality holds:

LGD4+e M —1=0
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Calculation of correlation bounds

The dependence between 7 and LGD is maximum when we have
C (r,LGD) = C*. Since we have U; = U,, we conclude that:

LGD+e * —1=0
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Calculation of correlation bounds

Show that the linear correlation p (7,LGD) verifies the following
inequality:
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Calculation of correlation bounds

We know that:
p(T,LGD) € [pmin (T,LGD) , pmax (1, LGD)]

where pmin (T, LGD) (resp. pmax (7, LGD)) is the linear correlation
corresponding to the copula C~ (resp. C1). It comes that:

E[T]:a(f):%
and:

E[LGD] = %

o (LGD) = %
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Calculation of correlation bounds

In the case C (7, LGD) = C~, we have U; =1 — U,. It follows that
LGD = e~ *7. We have:

E[rLGD] =E [re*7| = / te"MAe M dt

_ / —2)\t dt
0+

—2At 1 o)
] = / e—2)\t dt
2 0

1[ e—2)\t]
21 2x |,

We deduce that:
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Calculation of correlation bounds

In the case C (,LGD) = C*, we have LGD =1 — e=*". We have:

E[rLGD] =E[r(1—e )] = /Ooot(l—e_”))\e_”dt

— / tAe"\tdt—/ the 2 M dt
0 0

00 oC 1
_ At — At b
— ([ te™ ] +/0 e dt) o

et 1
— 04+ |= =
_ 3
4\

We deduce that:

e = (&-5)/ (1) -7
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Calculation of correlation bounds

We finally obtain the following result:

|5

|p{T,LGD)| <
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Calculation of correlation bounds

Comment on these results.
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Calculation of correlation bounds

We notice that |p (7, LGD)| is lower than 86.6%, implying that the
bounds —1 and +1 can not be reached.
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Calculation of correlation bounds

We consider two exponential default times 71 and 7, with parameters \;
and ).
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Calculation of correlation bounds

We assume that the dependence function between 71 and 75 is CT.
Demonstrate that the following relation is true:

Thierry Roncalli Course 2023-2024 in Financial Risk Management 369 / 461



Copulas and Stochastic Dependence Modeling
The bivariate Pareto copula
Calculation of correlation bounds

Calculation of correlation bounds

If the copula function of (71, 72) is the Fréchet upper bound copula, 74
and 7, are comonotone. We deduce that:

Uy =U,<—1- e MTL = 1 — g7 22

and:
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Calculation of correlation bounds

Question 3.b

Show that there exists a function f such that 7o = f (72) when the
dependence function is C™.
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Calculation of correlation bounds

We have U; =1 — Us. It follows that S; (1) =1 — S, (72). We deduce

that:
e—)\l‘rl — 1 — e—>\2’7'2
and: \
—In (1 — e™ 7272
(e
A1
There exists then a function f such that 71 = f (72) with:
Cin(1— e )
f(t)=
(2 -
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Calculation of correlation bounds

Show that the lower and upper bounds of the linear correlation satisfy the
following relationship:
—1<p(r1,72) <1
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Calculation of correlation bounds

Using Question 2(b), we known that p € [pmin, Pmax] Where pmin and pmax
are the correlations of (71, 72) when the copula function is respectively
C~ and C*. We also know that p =1 (resp. p = —1) if there exists a
linear and increasing (resp. decreasing) function f such that 71 = f (72).
When the copula is C*, we have f (t) = i—it and ' (t) = i—i > 0. As it is
a linear and increasing function, we deduce that pmax = 1. When the
copula is C~, we have:

—In (1 — e_>‘2t)
A1

f(t)=

and: " "
Aoe 2t n (1 — e 7
f(t) = —22 ( ) <0
)\1 (]. — e—Aﬂ)
The function f (t) is decreasing, but it is not linear. We deduce that
Pmin 7 —1 and:
—1<p<1
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Calculation of correlation bounds

In the more general case, show that the linear correlation of a random
vector (X1, X2) can not be equal to —1 if the support of the random
variables X7 and X; is [0, +o0].
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Calculation of correlation bounds

When the copula is C~, we know that there exists a decreasing function f
such that X, = f (X1). We also know that the linear correlation reaches
the lower bound —1 if the function f is linear:

Xo = a+ bX;
This implies that b < 0. When Xj takes the value 400, we obtain:
X2 = a -+ b X oo

As the lower bound of X5 is equal to zero 0, we deduce that a = +o0.
This means that the function f (x) = a + bx does not exist. We conclude
that the lower bound p = —1 can not be reached.
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Calculation of correlation bounds

We assume that (X1, X>) is a Gaussian random vector where
X1 ~N (,ul,af), Xo ~ N (,ug,cr%) and p is the linear correlation between
X; and X5. We note 0 = (u1, 01, 2, 02, p) the set of parameters.
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Calculation of correlation bounds

Question 4.a
Find the probability distribution of X7 + Xo.
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Calculation of correlation bounds

X1+ X5 is a Gaussian random variable because it is a linear combination of
the Gaussian random vector (X1, X2). We have:

E[X1 + Xo] = p1 + 2

and:
var (X1 + Xa) = 0% + 2poi0m + 0%

We deduce that:

X1+ Xo ~ N (,ul + Lo, 0% + 2poi105 + ag)
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Calculation of correlation bounds

Then show that the covariance between Y; = e and Y, = e* is equal to:

cov (Y1, Yo) = ett391 gh2+303 (eP172 — 1)
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Calculation of correlation bounds

We have:

COV(Yl, Yz) = E [Yl Y2] — E[YQ]E [YQ]
= K [eX1—|—X2] —E[Y2]E[Y2]

We know that e®1t%2 is a lognormal random variable. We deduce that:
Xy +X 1
E [e ! 2] = exp | E[X1 + X5] + 5 var (X1 + X2)

1
= exp (,ul + U2 + 5 (0% + 2p0105 + O'%))

2 2
. pM1t307 ghot 305 gpo102
We finally obtain:

COV (Y17 YZ) — em—i—%afeuz—kéag (ep0102 _ 1)
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Calculation of correlation bounds

Question 4.c

Deduce the correlation between Y7 and Y5.
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Calculation of correlation bounds

We have:

em—k%fff e,u2+%0§ (ep0102 _ ]_)

\/82“1"“7% (eaf _ 1) \/e2u2—|—0§ (eag _ 1)

epal o2 __ 1

Vet —1ve% — 1

/0<Y17 Y2> —
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Calculation of correlation bounds

Question 4.d

For which values of 6 does the equality p (Y1, Y2) = +1 hold? Same
question when p (Y7, Y2) = —1.
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Calculation of correlation bounds

p (Y1, Y2) is an increasing function with respect to p. We deduce that:
p{Y,Y2)=1<= p=1and 01 = 0>

The lower bound of p (Y1, Y2) is reached if p is equal to —1. In this case,

we have:
e 9192 _ 1

— >
\/e"%—l\/eag—l

It follows that p (Y7, Ya) # —1.

:0<Y17 Y2> —1
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Calculation of correlation bounds

We consider the bivariate Black-Scholes model:

{ dS; (t) = p1 Sy (t) dt + 0151 (t) AW (t)
dS, (t) = 1S (t) dt + 025 (t) d W5, (t)

with E [W (t) WA (t)] = pt. Deduce the linear correlation between Sy (t)
and S, (t). Find the limit case lim; .. p (51 (t), S2 (t)).
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Calculation of correlation bounds

It is obvious that:

ep0'10'2t L 1
Veoit — 11/e%t — 1

In the case 01 = 05 and p = 1, we have p (51 (t), S (t)) = 1. Otherwise,
we obtain:

p(S1(t),32(t))

lim p(S1(t),52(t)) =0
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Calculation of correlation bounds

Question 4.f

Comment on these results.
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Calculation of correlation bounds

In the case of lognormal random variables, the linear correlation does not
necessarily range between —1 and +1.
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Extreme value theory in the bivariate case

What is an extreme value (EV) copula C?

Thierry Roncalli Course 2023-2024 in Financial Risk Management 390 / 461



Extreme Value Theory Extreme value theory in the bivariate case
Maximum domain of attraction in the bivariate case

Extreme value theory in the bivariate case

An extreme value copula C satisfies the following relationship:
C (uf, u5) = C* (uy, u2)

for all t > 0.
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Extreme value theory in the bivariate case

Show that C+ and C* are EV copulas. Why C~ can not be an EV copula?
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Extreme value theory in the bivariate case

The product copula C* is an EV copula because we have:
C (v, u3) = uiu
= (nu)'
t
= [C* (u1, w)]
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Extreme value theory in the bivariate case

For the copula C*, we obtain:

Cct (uf, ué) min (uf, ué)

. U{ If up S u»
us  otherwise

= (min (u1, u2))t
— [C+ (ul, Uz)}t
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Extreme value theory in the bivariate case

However, the EV property does not hold for the Fréchet lower bound
copula C™:

C™ (uf,u}) = max (u + uj — 1,0) # max (ug + up — 1,0)"
Indeed, we have C~ (0.5,0.8) = max(0.5+ 0.8 —1,0) = 0.3 and:

C (0.5°,0.8°) = max(0.25+ 0.64 — 1,0)
= 0
£ 0.3°
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Extreme value theory in the bivariate case

We define the Gumbel-Hougaard copula as follows:

C (u1, u2) = exp (_ [(_ inu)? + (= In u2)9]1/9>

with 6 > 1. Verify that it is an EV copula.
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Extreme value theory in the bivariate case

We have:
C (uf, ug) = exp

(—inu)’ + (~ i)’ ”9)

(-
= exp( :( thnu)’ + (- tlnuz)}1/0>
(I

= exp

—In u1)9 + (—In U2)9i| 1/9)

— (e—[(—'““1)9+(—'"”2)9]1/9)t

= Ct (Ul, U2)
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Extreme value theory in the bivariate case

Question 4

What is the definition of the upper tail dependence A? What is its
usefulness in multivariate extreme value theory?
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Extreme value theory in the bivariate case

The upper tail dependence A is defined as follows:

= lim 1—2U—|—C(U1,U2)

u—1+ 1 —u

It measures the probability to have an extreme in one direction knowing
that we have already an extreme in the other direction. If A is equal to O,
extremes are independent and the EV copula is the product copula C+. If
A Is equal to 1, extremes are comonotonic and the EV copula is the
Fréchet upper bound copula C*. Moreover, the upper tail dependence of
the copula between the random variables is equal to the upper tail
dependence of the copula between the extremes.
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Extreme value theory in the bivariate case

Let f (x) and g (x) be two functions such that
lim,_,x, F (x) = limx_,, g(x) =0. If g’ (x0) # 0, L'Hospital's rule states

that: : p
lim ﬁ = |im ﬁ
o g (x) o g (x)

Deduce that the upper tail dependence A of the Gumbel-Hougaard copula
is 2 — 21/¢  What is the correlation of two extremes when 6 = 17
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Extreme value theory in the bivariate case

Using L'Hospital's rule, we have:

1 —2u 4 e~ [=m)+(=nw)’]”*

A = |lim
u—1+ 1 —u
1 —2u+ e_[2(_ In “)9]1/9
= |im
u—1+ 1—u
_ 1 —2u+ uzl/e
= |im
u—1+ 1—u
0—2+ 21/9u21/9—1
= |im
u—1+ —1

— im 2 — 2l/0,2V"-1

u—1+t

— 2 2l/¢

Thierry Roncalli
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Extreme value theory in the bivariate case

If 6 is equal to 1, we obtain A = 0. It comes that the EV copula is the
product copula. Extremes are then not correlated. This result is not
surprising because the Gumbel-Houggard copula is equal to the product

copula when 6 = 1:

e—[(— In u)'+(— In uz)l] — Uil = CJ_ (Ula U2)
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Extreme value theory in the bivariate case

We define the Marshall-Olkin copula as follows:
C(u, up) = uy " w3~ % min (ufl, u§2>

with {61,6-} € [0,1]".
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Extreme value theory in the bivariate case

Question 6.a

Verity that it is an EV copula.
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Extreme value theory in the bivariate case

We have:

to )y — A0 t(1-02) . toy | t0
C(uf,u5) = u Uy min (u; b, uy?

t
1— 92 . 91 92
") (%) (min (7))
u =% min (0%, uf '
>’min (ull, uzz))

1—
1
(ula U2)

o
B
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Extreme value theory in the bivariate case

Question 6.b

Find the upper tail dependence A of the Marshall-Olkin copula.
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Extreme value theory in the bivariate case

If 8; > 6>, we obtain:

1—2u+ vt~y =% min (v, u%)

A = |im
u—1+ 1 —u
' 1 —2u+ ut—Oryt—02y0
= Im
u—1+ 1 —u
_ 1 —2u+ 2t
= |im
u—1+ 1 —u
_ im O—2—|—(2—92) ul—0
u—1+ —1
= lim 2—2u""% 4 gu' %
u—1+
— 92

If 6, > 61, we have A\ = 6;. We deduce that the upper tail dependence of
the Marshall-Olkin copula is min (61, 65).
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Extreme value theory in the bivariate case

Question 6.c

What is the correlation of two extremes when min (61,60,) = 07
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Extreme value theory in the bivariate case

If 61 =0 or 6, = 0, we obtain A = 0. It comes that the copula of the
extremes is the product copula. Extremes are then not correlated.
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Extreme value theory in the bivariate case

Question 6.d

In which case are two extremes perfectly correlated?
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Extreme Value Theory Extreme value theory in the bivariate case
Maximum domain of attraction in the bivariate case

Extreme value theory in the bivariate case

Two extremes are perfectly correlated when we have 61 = 6, = 1. In this
case, we obtain:

C (Ul, U2) — min (Ul, U2) = C+ (Ul, U2)
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Maximum domain of attraction in the bivariate case

We consider the following distributions of probability:
Distribution F(x)
Exponential & () 1 — e~
Uniform Upo 11 X
Pareto P(a,0) 1— (&)
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Maximum domain of attraction in the bivariate case

For each distribution, we give the normalization parameters a, and b, of
the Fisher-Tippet theorem and the corresponding limit distribution
distribution G (x):

Distribution an b, G (x)
Exponential A\~! A tinn A(x)=e"¢"

Uniform n—! 1—n!  Wy(x—1)=e!

Pareto b~ tn/*  Gnt/e—9 o, (1 + g) — e (12) "

We note G (x1, x2) the asymptotic distribution of the bivariate random
vector (X1 p:n, X2,mn) Where Xy ; (resp. X3 ;) are iid random variables.
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Maximum domain of attraction in the bivariate case

Let (X1, X2) be a bivariate random variable whose probability distribution

is:
F(x1,x2) = Cix, %) (F1(x1),F2(x2))

We know that the corresponding EV probability distribution is:
G (x1,x2) = Cix, x,y (G1(x1), G2 (x2))

where G; and G» are the two univariate EV probability distributions and

Cix, xy) s the EV copula associated to C(x, x,)-
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Maximum domain of attraction in the bivariate case

Question 1.a

What is the expression of G (x1, x2) when Xj ; and X, ; are independent,
Xl,,' ~ & ()\) and X2’,' ~ U[O,l]?
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Maximum domain of attraction in the bivariate case

We deduce that:

G(x1,x) = C"(Gi(x),G2(x))
= A (Xl) llll (X2 — 1)
= exp(—e M +x—1)
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Maximum domain of attraction in the bivariate case

Question 1.b

Same question when X; ; ~ E(A) and X5; ~ P (0, «).
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Maximum domain of attraction in the bivariate case

We have:

G(xi,0) = A(xi)®a (1 + Q)
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Maximum domain of attraction in the bivariate case

Same question when Xi ; ~ Ujp 1) and X5 ; ~ P (0, ).
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Maximum domain of attraction in the bivariate case

We have:

G(xi, %) = W, (x—1)o, (1+§)

0%

= exp(xl—l—(l—FQ)_ )
Q

Thierry Roncalli Course 2023-2024 in Financial Risk Management 420 / 461



Extreme Value Theory Extreme value theory in the bivariate case
Maximum domain of attraction in the bivariate case

Maximum domain of attraction in the bivariate case

What becomes the previous results when the dependence function between
Xi,i and X ; is the Normal copula with parameter p < 17
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Maximum domain of attraction in the bivariate case

We know that the upper tail dependence is equal to zero for the Normal
copula when p < 1. We deduce that the EV copula is the product copula.
We then obtain the same results as previously.
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Maximum domain of attraction in the bivariate case

Same question when the parameter of the Normal copula is equal to one.
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Maximum domain of attraction in the bivariate case

When the parameter p is equal to 1, the Normal copula is the Frchet upper
bound copula C*, which is an EV copula. We deduce the following results:

G (X1,X2) = min (/\ (Xl) , llll (X2 — 1))
= min (exp (—e ™) ,exp (x» — 1)) (a)

G (x1, x2) = min (l\(xl) d,, (1+ ))

— min (exp (—e™) , exp (— (1 + %>_a>> (b)

G (x1, Xx2) = min (llll (x1 — 1), @, (1 n %))

— min (exp (xp — 1), exp <— (1+ %)”)) (c)
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Maximum domain of attraction in the bivariate case

Question 4

Find the expression of G (x1, x2) when the dependence function is the
Gumbel-Hougaard copula.

Thierry Roncalli Course 2023-2024 in Financial Risk Management 425 / 461




Extreme Value Theory Extreme value theory in the bivariate case
Maximum domain of attraction in the bivariate case

Maximum domain of attraction in the bivariate case

In the previous exercise, we have shown that the Gumbel-Houggard copula
is an EV copula.

Thierry Roncalli Course 2023-2024 in Financial Risk Management 426 / 461



Extreme Value Theory Extreme value theory in the bivariate case
Maximum domain of attraction in the bivariate case

Maximum domain of attraction in the bivariate case

We deduce that:

G (Xl,XQ) —_— e_[(— In A(x1))?+(— In wl(Xz_l))e]l/G

— exp (— [e—9X1 (1 xz)ﬂ Y 9) (a)

G (x1,x2) = [ AG)) +(— e (142))°]

— exp ( [e—9X1 + (1 + %)_M] 1/@) (b)

G(x1,x) = e‘[(—ln Wi (xa—1))°+(—In ¢a(1+%))9]1/0

— exp ( [(1 —x)’+ (1+ %)_O‘@] 1/9) (c)
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Simulation of the bivariate Normal copula

Monte Carlo Simulation Methods

Simulation of the bivariate Normal copula

Let X = (X1, Xy) be a standard Gaussian vector with correlation p. We
note U; = & (Xl) and U, = ¢(X2)
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Monte Carlo Simulation Methods Simulation of the bivariate Normal copula

Simulation of the bivariate Normal copula

We note 2 the matrix defined as follows:

==, 1)

Calculate the Cholesky decomposition of 2. Deduce an algorithm to
simulate X.
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Monte Carlo Simulation Methods Simulation of the bivariate Normal copula

Simulation of the bivariate Normal copula

P is a lower triangular matrix such that we have ¥ = PP'. We know that:

( 1 0 2 )
0 1—p
We verify that:

10 1 )
T _
S (p 1—p2>(0 1—p2>
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Monte Carlo Simulation Methods Simulation of the bivariate Normal copula

Simulation of the bivariate Normal copula

We deduce that:

X1\ (1 0 N,

X2 ) \»p 1 — p? N,
where Ny and N, are two independent standardized Gaussian random
variables. Let ny and n, be two independent random variates, whose

probability distribution is A/ (0,1). Using the Cholesky decomposition, we
deduce that can simulate X in the following way:

X1 <— M
Xp <— pny + \/1—p2n2
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Simulation of the bivariate Normal copula

Monte Carlo Simulation Methods

Simulation of the bivariate Normal copula

Show that the copula of (X1, X3) is the same that the copula of the
random vector (Ui, U>).
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Monte Carlo Simulation Methods Simulation of the bivariate Normal copula

Simulation of the bivariate Normal copula

We have

C (X1, X2) = C(®(X1),® (X))
= C (U, Us)

because the function ® (x) is non-decreasing. The copula of U = (U, Us)
is then the copula of X = (X1, X2).
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Simulation of the bivariate Normal copula

Monte Carlo Simulation Methods

Simulation of the bivariate Normal copula

Deduce an algorithm to simulate the Normal copula with parameter p.
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Monte Carlo Simulation Methods Simulation of the bivariate Normal copula

Simulation of the bivariate Normal copula

We deduce that we can simulate U with the following algorithm:

u <— P (x) =d(m)
{ up < P (x2) =@ (pnl + ﬂfQ)
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Monte Carlo Simulation Methods Simulation of the bivariate Normal copula

Simulation of the bivariate Normal copula

Calculate the conditional distribution of X5 knowing that X; = x. Then
show that:

Dy, (x1, X0, p) = /Xl 0 ( X2 — PX > ¢ (x) dx

5o ]_—p2

Thierry Roncalli Course 2023-2024 in Financial Risk Management 436 / 461



Monte Carlo Simulation Methods Simulation of the bivariate Normal copula

Simulation of the bivariate Normal copula

Let X3 be a Gaussian random variable, which is independent from X; and
X>. Using the Cholesky decomposition, we know that:

Xo = pXi+ /1 — p2X3

It follows that:

Pr{X2§X2‘X]_ :X} = Pr{le—l—\/].—,O2X3§X2‘X1 :X}

— Prix;< 2%
V1 — p?
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Monte Carlo Simulation Methods Simulation of the bivariate Normal copula

Simulation of the bivariate Normal copula

Then we deduce that:

Dy (x1,x0;p) = Pr{Xi <x, X < x}
— X
= PF{X1§X1,X3§X2 p1}
1 — p?
— pX
— E|Pr{ X <x,X < 222 x
1 — p?

= : 2 PX x) dx
; /ooq)<\/1—,02>¢( ) d
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Simulation of the bivariate Normal copula

Monte Carlo Simulation Methods

Simulation of the bivariate Normal copula

Deduce an expression of the Normal copula.
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Monte Carlo Simulation Methods Simulation of the bivariate Normal copula

Simulation of the bivariate Normal copula

Using the relationships u; = ® (x1), ux = ® (x2) and
Dy (x1,x0;p) = C(P (x1), P (x2); p), we obtain:

¢_1(u1) -1 ) — px
C(ui,un;p) = /_ Cl><¢ \/(1_)7,02'0 >¢(X) dx

[ [T (k) = pd T (v) y
B /0 ¢< V1 — p? )d
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Simulation of the bivariate Normal copula

Monte Carlo Simulation Methods

Simulation of the bivariate Normal copula

Question 6

Calculate the conditional copula function Cy;. Deduce an algorithm to
simulate the Normal copula with parameter p.
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Monte Carlo Simulation Methods Simulation of the bivariate Normal copula

Simulation of the bivariate Normal copula

We have:

Cop (w2 |u1) = 0y C(ur, )

o <¢1 (12) = p&~" (u1)>
V1 — p?

Let v; and v» be two independent uniform random variates. The
simulation algorithm corresponds to the following steps:

uiy =wv
C2|1 (U1, o) = vo

We deduce that:

Uy < vy
{ U — b (pcp—l (v1) + /1 — 21 (v2))
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Simulation of the bivariate Normal copula

Monte Carlo Simulation Methods

Simulation of the bivariate Normal copula

Show that this algorithm is equivalent to the Cholesky algorithm found in
Question 3.
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Monte Carlo Simulation Methods Simulation of the bivariate Normal copula

Simulation of the bivariate Normal copula

We obtain the same algorithm, because we have the following

correspondence:
Vi = P (nl)
Vo = ) (n2)

The algorithm described in Question 6 is then a special case of the
Cholesky algorithm if we take n; = @1 (v;) and n, = &1 (). Whereas
n1 and ny are directly simulated in the Cholesky algorithm with a Gaussian

random generator, they are simulated using the inverse transform in the
conditional distribution method.
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Construction of a stress scenario with the GEV distribution

Stress Testing and Scenario Analysis

Construction of a stress scenario with the GEV distribution

We note a,, and b, the normalization constraints and G the limit
distribution of the Fisher-Tippet theorem.
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Construction of a stress scenario with the GEV distribution

Stress Testing and Scenario Analysis

Construction of a stress scenario with the GEV distribution

We recall that:

Xn'n — Mn
Pr { : b < x} = Pr{Xpn < apx+ bp}
= F"(a,x + bp)

and:
G(x) = lim F"(a,x + bp)

n— o0
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Construction of a stress scenario with the GEV distribution

Stress Testing and Scenario Analysis

Construction of a stress scenario with the GEV distribution

Question 1.a
Find the limit distribution G when X ~ £()\), a,=A"tand b, = XA"1Inn.
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Construction of a stress scenario with the GEV distribution

Stress Testing and Scenario Analysis

Construction of a stress scenario with the GEV distribution

We have:
ot b = (1 (e ton)
1 n
- ()
n
We deduce that:
G(x)=li ] Lex T Y
(><)—nl>mC>O - e = e = N\ (x)
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Construction of a stress scenario with the GEV distribution

Stress Testing and Scenario Analysis

Construction of a stress scenario with the GEV distribution

Question 1.b

Same question when X ~ Ug 1], an = n~!and b,=1—-n""1
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Construction of a stress scenario with the GEV distribution

Stress Testing and Scenario Analysis

Construction of a stress scenario with the GEV distribution

We have:

F" (apx + b,) = (n_lx +1-— n_l)n

N

G(x) = lim <1+%(x—1))n:ex—1:w1(x—1)

n—-0o0

We deduce that:
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Construction of a stress scenario with the GEV distribution

Stress Testing and Scenario Analysis

Construction of a stress scenario with the GEV distribution

Same question when X is a Pareto distribution:

F(x)=1— (9;X>_a,

a, = 0a~tn'/ and b, = Ont/> — 9.
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Construction of a stress scenario with the GEV distribution

Stress Testing and Scenario Analysis

Construction of a stress scenario with the GEV distribution

We have:

0 “\"
F" n bn — 1—
(anx - bn) ( (9 +0a—1nl/ox + nl/o — 9) )

— 1 1 “\"
- -\ aq—1pl/ax 4+ pl/a
(1 1 (1 + f)_a)

n o

We deduce that:

G(x) = lim (1 1 (1 + 5)_a>n — o (+2) " — o, (1 n i)

n— 0o n
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Construction of a stress scenario with the GEV distribution

Stress Testing and Scenario Analysis

Construction of a stress scenario with the GEV distribution

We denote by G the GEV probability distribution:

c(x)zeXp{ [Hg(X;M)]w}

What is the interest of this probability distribution? Write the
log-likelihood function associated to the sample {xi,...,x7}.
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Construction of a stress scenario with the GEV distribution

Stress Testing and Scenario Analysis

Construction of a stress scenario with the GEV distribution

The GEV distribution encompasses the three EV probability distributions.
This is an interesting property, because we have not to choose between the
three EV distributions. We have:

-2 o) el el )

We deduce that:

I SN EE AR =i\
¢ = —Zlno ( : )_lln(Hf( - ))

I

[ (5]

=1
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Construction of a stress scenario with the GEV distribution

Stress Testing and Scenario Analysis

Construction of a stress scenario with the GEV distribution

Show that for & — 0, the distribution G tends toward the Gumbel

distribution:
e )
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Construction of a stress scenario with the GEV distribution

Stress Testing and Scenario Analysis

Construction of a stress scenario with the GEV distribution

We notice that:
lim (1 + &x) Y8 = e
£—0

Then we obtain:

- 1-1/€)
lim G (x) = Iimexp{— 1+§(X_'u> .

£—0 £—0

— X_/jj __1/5\
= expg — lim 1—|—§< ) >
£—0 i o |

- en{-on(- (7))
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Construction of a stress scenario with the GEV distribution

Stress Testing and Scenario Analysis

Construction of a stress scenario with the GEV distribution

We consider the minimum value of daily returns of a portfolio for a period
of n trading days. We then estimate the GEV parameters associated to the
sample of the opposite of the minimum values. We assume that £ is equal
to 1.
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Construction of a stress scenario with the GEV distribution

Stress Testing and Scenario Analysis

Construction of a stress scenario with the GEV distribution

Show that we can approximate the portfolio loss (in %) associated to the
return period T with the following expression:

r(T):—(ﬁJr (%—1) 6)

where ji and ¢ are the ML estimates of GEV parameters.
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Construction of a stress scenario with the GEV distribution

Stress Testing and Scenario Analysis

Construction of a stress scenario with the GEV distribution

We have:
G l(a)=p—ott [1 —(—1In a)—g]

When the parameter £ is equal to 1, we obtain:
Glla)=p—o (1 —(—1In a)_l)

By definition, we have 7 = (1 — a)_l n. The return period 7 is then
associate to the confidence level « =1 — n/T. We deduce that:

R(T) =~ —G71(1-n/t)

= —(n—o(1-(=ma-n7N™))

Q

We then replace i1 and o by their ML estimates /i and &.
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Construction of a stress scenario with the GEV distribution

Stress Testing and Scenario Analysis

Construction of a stress scenario with the GEV distribution

We set n equal to 21 trading days. We obtain the following results for two
portfolios:

Portfolio {1 o &
#1 1% 3% 1
#2 10% 2% 1

Calculate the stress scenario for each portfolio when the return period is
equal to one year. Comment on these results.
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Construction of a stress scenario with the GEV distribution

Stress Testing and Scenario Analysis

Construction of a stress scenario with the GEV distribution

For Portfolio #1, we obtain:

R(LY) = — (1% + (% -~ 1) x 3%) — —34%

For Portfolio #2, the stress scenario is equal to:

R(1Y) = — (10% + (% - 1) x 2%) — —32%

We conclude that Portfolio #1 is more risky than Portfolio #2 if we
consider a stress scenario analysis.
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